THE BEST BOUND OF THE AREA LENGTH RATIO IN 
AHLFORS COVERING SURFACE THEORY (I) 



GUANG YUAN ZHANG 

Abstract. In Ahlfors' covering surface theory, it is well known that there ex- 
ists a positive constant h such that for any nonconstant holomorphic mapping 
/ : A ^ S, if /(A) n {0, 1, 00} = 0, then 

A(/,A) < hL{f,dA), 

where A is the disk \z\ < 1 in C, 5 is the unit Riemann sphere, A{f, A) is the 
area of the image of A and L{f, dA) is the length of the image of 9A, both 
counting multiplicities. 

In this paper, we will show that the best lower bound for h is the number 



ho = max 

Te[o,i] 



Vl + (tt + arcsin r) 
arccot ^ 



: 4.034159 790 51. 



/1 + t2 

and this is the exact estimation, i.e. there exists a sequence of holomorphic 
mappings : A — > 5 such that /n(A) n {0, 1, 00} = and 

lim A(/„,A)/L(/„,9A) = ho. 



1. Introduction 

In this paper, the Riemann sphere S is the unit sphere 

S = {{xi,X2:X3) e R^; xl+xj+xl = 1} 

endowed with the stereographic projection 

P : C = C U {00} S- 

with P{0) = (0,0,-1), P{oo) = (0,0,1). The lengths of curves and the areas of 
domains in S are defined in the usual way. Thus, P induces the spherical metric 
ds = p{z)\dz\ = j^^^^\dz\, z e C. For a set F in C, we denote by dV its boundary 

and V its closure. 

We will identify the extended plane C = C U {00} with S, via the stereographic 
projection P. So for any set Z? C C, we will also write D C S, but in the later 
relation, D in fact means the set P{D). When we write € 5, for example, 
indicates the point P(0) = (0,0, —1) in S. In this way, some notations in C will be 
used in S: we use the interval notation [—1,1], [0, +00] to denote the line segment 
P([-l,l]),P([0,+oo]) in S", etc. _ 

For a Jordan domain [/ in C and a holomorphic mapping g : U S,we denote by 
A(g, U) the spherical area of the image of U, counted with multiplicities, and denote 
by L{g, dU) the spherical length of the image of counted with multiplicities. If 
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we regard g as a mapping from from U into C = C U {oo}, via the stereographic 
projection P, we have 

A{g,U)^ // {p{g{z))\g{z)\fdxdy, z = x + iy- 



L{g,dU)^ / p{g{z))\g{z)\\dz\. 
JdU 

In Ahlfors' covering surface theory ([1], [4j), it is well known that there exists a 
positive constant h such that for any holomorphic mapping f : A ^ S, if f{z) ^ 
0, 1, oo for any z g A, then 

(1.1) Aif,A)<hL{f,dA). 

The goal of this paper is to give the best lower bound for h, and our main result is 
the following theorem. 

Theorem 1.1. Let / : A — > S* 6e a nonconstant holomorphic mapping such that 
f{z) 7^ 0, 1, cxD for any z G A. Then 

(1.2) A{f,A)<hoL{f,dA), 
where 



(1.3) Hq = max 

Te[o.i] 



VT+T^ (tt + arcsin r) 

T 

arccot ^^^'^ 



4.03415979051 , 



and Hq is the best lower bound in the sense that there exists a sequences of holo- 
morphic mappings /„ : A such that fn{A) n {0, 1, oo} = and 

n^oo L{fn,dA) 

Consider the function 



\/l + (vr + arcsin r) 
arccot- 



(1.4) Ht) = ^ —7f=7S ^-r, re [0,1] 



It is clear that 

h{0) = A,h{l) = 3\/2- 1 < 4, 

and 

4 

h'iO) = - - 1 > 0. 

TT 

Thus, h takes its maximum /ig at some point tq € (0, 1) and kg > 4. 

For a domain U in S", we denote by A{U) the area of U.li U C C, we still use the 
notation A{U) to denote the spherical area of U, which is the area of P{U) given 

by 

A{U) = JJjp{x + iy))^dxdy. 

For a curve T — r{t),t E [0, 1], in 5*, we denote by L{r) the length of the set 
r = {T{t);t e [0, 1]}. If r = r(t), t e [O, l], is a curve in C, we still denote by L(r) 
the spherical length of F, which is the length of the set P{T), and in the case that 
F is simple we have 

L(F) = / piz)\dz\. 
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Now we explain the geometric meaning of the function /i(t) given by (|1.4|) . Let 
D be the disk in S with diameter l,oo, the shortest path from 1 to oo in S. Let 
I £ [tt, \/2tt] and let Di be a domain inside D whose boundary is composed of 
the two congruent circular arcs, each of which has endpoints {1, 00} and spherical 
length ^. Then we have L{dDi) = I. It is clear that I?;, regarded as a domain in C, 
is an angular domain whose vertex is 1 and bisector is the ray [l,+c») in C. We 
denote by 20i the value of the angle of this angular domain. Then it is clear that 

It is proved in Section 0] that the area A{Di) and the length L{dDi) = I are real 
analytic functions of t = sin6i,6i e [0, and when we understand A{Di) and /, 
in the ratio tl+^illil^ functions of r = sin^j, we obtain the function /i(t) given 
by (Ull): 

(1.5) hir)^m±Am = ^_i±mi,r£[o,i]. 

This is the geometrical meaning of the function ft.(r). 

Considering that / > tt and A{Di) < A{D) = 27r(l - ^), we have 

Ht) < ^ ^ < 4.6, 

TT 

and then 

4 < /lo < 4.6. 
A numerical computation shows that 

ha = 4.034159 790 51... 

The inequality (jl.ip directly follows from the fundamental theorem of L. Ahlfors' 
covering surface theory ([I], 0]) for a finite number of points ai, . . . , flgi 

Theorem 1.2 (Ahlfors). Let ai, . . . , be distinct q points in S. Then there exists a 
positive constant h — h{ai, . . . , Uq) such that for any meromorphic function defined 
on A 

1 

(1.6) (q - 2)A{f, A)/47r < ^ a,„) + hL{f, OA), 

m—l 

where n{f, am) is the number of solutions of the equation f{z) — am, ^ G A, ignoring 
multiplicities. 

Remark 1.1. J. Dufresnoy's work [7 may be the first literature estimating the 
number h in H.b]) explicitly, in which it is shown that the number h in H.b]) can 
be taken to be h ^ hi — ^fjj-, where (5o is the smallest spherical distance between the 
points a„i, to = 1, . . . , 5. When f{z) ^ 0, 1, cxd, z G A, Dufresnoy's result is that 

A{f,A) < UL{f,dA). 

Remark 1.2. J. Dufresnoy's work [3] also studied the relationship between the 
constant in il.l]) and some other classical constants, such as Landau 's, Bloch 's and 
Schotkii's constants. This is also introduced in the book [4] by Haymann. 



To prove the main theorem, the difficulty lies in the inequality (|1.2p . It seems 
hard to estimate the best lower bound for the constant h by following Ahlfors' 
method in his covering surface theory. Fortunately, we managed to re-understand 
Ahlfors 's theory via the classical isoperimetric inequality of the unit hemisphere 
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which is obtained by F. Bernstein [2\ in 1905 (see Section [4|). The following is the 
outline of the proof of the main theorem. 

(A). Observation for certain class of open mappings. We have been able 
to find that the area-length ratio is relative easy to figure out for a special family 
F of mappings from A into S such that for each f ^ F, f satisfies the following 
conditions (a)-(e): 

(a) / is open, discret^ and continuous, the boundary curve F/ = /(z), z e 9A, 
is a polygonal curve in S and /(A) n {0, 1, oo} = 0. 

(b) Each natural edg^ of F has spherical length strictly less than vr. 

(c) Fj is locally convex everywhere except at 0, 1, cxd. 

(d) All branched points of / are located in {0, l,oo}. 

(e) Fj n [0, +00] contains at most finitely many points. Here [0, +00] denotes the 
line segment in S from to 00 passing through 1. 

It is clear that normal mappings defined in Section [3] satisfy condition (a). Con- 
versely, any mapping satisfying (a) that is orientation preserved is a normal map- 
ping. It is relatively easy to estimate the area-length ratio for mappings in the 
family F : for each f ^ F one can obtain the following inequality by Lemmas 114.11 
and[T421 

A{f, A) < hoL{g, dA) - min{A(/, A), 4^}, 

where ho is given by (|1.3p . 

On the other hand, it is fortunate that we are able to prove that, for any holo- 
morphic mapping f : A ^ S with /(A) n {0, l,oo} = 0, and for sufficiently small 
e > 0, there exist a finite number of mappings {gi, . . . , in the family F, such 
that 

n n 

(1.7) ^A(5„A) > A(/,A)-£, and ^ i(g„ 9A) < L(/, SA) + e. 

i=i i=i 
Summarizing the above two aspects, we obtain p.2p . 

The existence of the family {gi, ...,<;„}, which is given by Theorem 1 12. 11 is the 
first key step to prove the main theorem. Sections [5HTT] is prepared for proving 
Theorem 112.11 we first prove Theorems 110.11 and 111.11 and then we apply these 
two results to deduce Theorem 112.11 in Section [121 The ingredients of Sections [8] 
and [5] are Theorem 18.11 Lemma [9.21 and Lemma [9.31 which are just used to prove 
Theorem 110.11 and Theorem lll.il We will give the outline for the proof of Theorem 
I12.1l in the following part (B). 

The content of Sections [W71 and [T51 is for proving Lemmas 114. II and 114. 21 which, 
with the existence of the family {171, . . . ,(7„}, deduce the main theorem in the last 
section, Section[T31 In Section^ we introduce two classical results, the Bernstein's 
isoperimetric inequality of the unit hemisphere and the Lado's theorem, from which 
we prove Theorems 14.31 and 14.41 that is used in Section [Hj for proving Lemmas 114.11 
and ll4.2l Sections [5] and [H] are prepared for Section [71 and the ingredient of Section 
[3 is Theorem 17.11 which is the second key step to prove the main theorem: with 
Theorems l4.31l4.4l and ll3.11 it deduces Lemmas [l 4 . 1 1 and [1421 Theorem [13. 11 which 
is proved just based on Lemma [^751 and Corollarv l7.11 is the third key step to prove 
the main theorem. 

The term discrete means that for each q e /(A), /"^{g) is a finite set. 
^See Definition 1121(2) and (3). 

■^We will not introduce the proof for this conclusion, since it is not used in this paper. 
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(B). The existence of {gi,...,g„} in (A). Now, we introduce the outline to 
prove tlie existence of {gi, . . . , gn}- Let / : A ^ 5 be a liolomorphic mapping with 
/(A) n {0, IjCxd} — 0. To show the existence of the family {gi, . . . for any 

e > 0, we first approximate / by an open mapping fi such that /i satisfies (a) and 
(b) in (A) and 

A) > A{f, A) - I and L(/i, 9A) < OA) ~ |. 

Then we are able to first show that there exist a finite number of mappings 
{Gi, . . . , Gn} that satisfy (|1.7p and (a)-(d) as follows. 

Operation 1: (a)(b)-^(a)(b)(c). We can apply Theorem II 1 . 1 1 several times to 
obtain a mapping /2 such that /2 satisfies (a)-(c) and 

A{h,A) > A) and L{h,dA) < L{h,dA). 

If /2 satisfies (d), then {Gi} = {/2} is the desired family. Otherwise we turn to 
next operation. 

Operation 2: (a)(b)(c)^(a)(b)(d). If /2 does not satisfies (d), then we can 
apply Theorem 110. II a finite number of times to decompose /2 into a finit^ number 
of mappings /2j, j = 1,. . . ,m, that satisfy (a), (b), (d) and 

rri m 

J2 A{f2j,A) > A{h, A) and ^ L{f2j,dA) < L{h, OA). 

Operation 2 may destroy condition (c) ! We try to repair this by applying Oper- 
ation 1 to all the mappings f2j and obtain mappings fi2j,j ~ 1, ■ ■ ■ ,m, that satisfy 
(a)-(c) and 

A{h2j,A) > A{f2j,A) and L{fuj,dA) < L(/2„ 9A), j = 1, . . . , m. 

But Operation 1 may destroy condition (d)! We try to repair this by apply- 
ing Operation 2 to each fi2j that has ramification points in A and obtain more 
mappings. But then condition (c) may again be destroyed for the mappings obtained 
from Operation 2. 

It seems we are arguing in a circle! Luckily, we are able to prove that Operations 
1 and 2 can not be applied infinitely many times! This is the ingredient of Theorem 
112.11 Thus, we can execute Operations 1 and 2 alternatively with in a finite number 
of steps to obtain the desired mappings Gj, j = 1, . . . , n. 

From the mappings Gj we can easily obtain the mappings gj,j — 1,2, ... , n, by 
slightly perturb each Gj. 

Remark 1.3. The method in this paper can also be used to estimate the best bound 
of the constant h in Ahlfors 's fundamental theorem for any number (> 3) of points. 
We will discuss this in another paper. 



^By Theorem [TaTI (iv) we may assume YlJLl ^(hj) < ^(/z) + 2{m - 1), where V{f2) is the 
number of natural vertices (see Definition [22} of the polygonal curve Fj^ = /2(z),z £ dA. Then 
by Lemma 112.11 we have 3m < V(/2) + 2(m — 1), which implies m < V{f2) — 2, and then the 
finiteness follows. 



6 



GUANG YUAN ZHANG 



2. Some notations and definitions related to curves in S 

In this section we introduce some notations, definitions and make some conven- 
tions. Locally convex polygonal paths and locally convex polygonal curves in the 
Riemann sphere S defined in this section play a central role in this paper. 

Let r = r(t), t G [a, (3], be a curve in C or S. Then the orientation of the curve 
r will be regarded as the orientation as t increases. Therefore, if F is not closed, 
the orientation of F is from F(q;) to r(/3), and we will denote by 



the same curve with opposite orientation. 

If Fj = Tj{t),t G [tji,tj2], are two curves in C (or S) and Ti{ti2) = T2{t2i), we 
will denote by Fi + r2 the curve 



When Fi + (— F2) makes sense, we will write it by Fi — F2. 

Curves in this paper are always oriented and continuous curves. Some times a 
curve F will be regard as a set in S. But this is only in the case that the curve is 
involved in some set operations. 

For a Jordan domain D in C, the boundary dD of D is always regarded as an 
oriented curve with the anticlockwise orientation. If Z? is a Jordan domain in C 
and f : D ^ S is SL continuous mapping, then the the boundary curve 



of / is always regarded as an oriented curve with the oreintation induced by dD. 

The notation Tf will be used through out this paper, which alway denotes the 
curve given by (|2.ip for any given Jordan domain D oiC and any mapping f : D —> 



An oriented great circle C in S" divides the sphere into two hemispheres. We will 
call the hemisphere that is on the left hand side of C inside, or enclosed by, C, in 
the sense that we are standing on the sphere with our heads pointing to the center 
of S, and going along C in the orientation of C. For example, when A is regarded 
as a disk in S, A is the lower hemisphere of S and A is inside the oriented circle 
OA, i.e. P(A) is inside the great circle P{dA); and the upper hemisphere C\A in 
S is inside the oriented circle —dA. 

If F is a Jordan curve in S, then the domain in S that is bounded by F and is 
inside F is also called the domain inside, or enclosed by, F. Of course, here "inside" 
means "on the left hand side of . 

A section of a great circle in S is called a line segment. To emphasize this, we 
also call it straight line segment or geodesic line segment. 

The spherical distance of two points p and q in S will be denoted by d{p, q). In 
the case that p and q are not antipodal, we denote by pq the shortest (simple) path 
in S from p to q, which is unique and is in fact the shorter of the two arcs with end 
points p and q of the great circle of S passing through p and q. We will write 



r = r{t2 + ti-t),te [ti,t2 




(2.1) 



dD, 



S. 



qiq2 ■ ■ ■ qn 



qiq2 + 9293 H h qn-iqn, 



if each term of the right hand side makes sense, where gi, . . . , g„ are points in S. 
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We write pq by p7q^ if P, or g, or both, is replaced by explicit complex numbers. 
For example, we denote by the shortest path from p = 1 to (7 = 2 by = 1, 2. Note 
that we identify C = C U {00} with S, via the stereographic projection P. 

When pq makes sense, we will denote by pq° the interior of the path. 

Definition 2.1. A closed curve 

r = /(z),ze9A, 

in S is called a polygonal closed curve if and only if there exist a finite number of 
points pj e OA, j — I, . . . ,n, with 

(2.2) argpi < argp2 < • • ■ < argp„ < argpi + 27r 

such that for each sectioi^aj of dA from pj to pj+i {pn+i = Pi), the section Tj of 
r restricted to aj is a locally simple and locally straight path, and in this case 

r = Ti + • • • + r„ 

is called a partition ofT. 

Note that the term partition emphasizes that each term Tj is locally simple and 
locally straight. A locally simple and locally straight curve in S must be contained 
in some great circle of S. So, for each aj in the above definition, each po € aj has 
a neighborhood Lp^ in aj such that T restricted to Lp^ is a homeomorphism onto 
a line segment in S. 

Through out this paper, we denote by E the set {0, l,oo} in S. 

Definition 2.2. Let T — f{z), z e 9A, he a polygonal closed curve in S . 

(1) A point Pq G dD is called a natural vertex of V if and only if one of the 
following conditions holds: 

(a) f{po)&E = {Q,l,^}. 

(h) f{po) ^ E and for any neighborhood Ip^ of po in 9A, the restriction — 
f{z),z € Ipg, can not be a straight and simple path. 

(2) In the case that T has at least two natural vertices, a closed interval I in 
dA is called a natural edge of T if and only if the endpoints of I are both natural 
vertices ofV but the interior of I does not contain any natural vertex ofT. 

(3) If I is a natural edge ofT, then the restriction T\i = f{z),z G /, is also 
called a natural edge ofV. 

For the above definition (2), the reader should be aware that a natural edge 
can not contain any point of f^^{E) = ({0, 1, 00}) in its interior (in dA), 
because by definition each point in /^^ (E) is a natural vertex. Thus, one can not 
understand any natural edge to be a maximal interval on which F is locally simple 
and locally straight. If we regard the great circle C determinecQ by 0, 1 as a simple 
closed curve, it has three natural edges 0, 1, l,oo and 00, —1, 1 = 00, —I H — 1, 1, 
but the whole curve C is simple and straight. 

If F has no any natural vertex, F must be a closed curve contained in some great 
circle Ci of S with Ci n {0, 1, 00} — and F is locally simple, and in this case, dA 
is regard as a natural edge without endpoints. 

If F has only one natural vertex pq G dA, then, by the definition, qo — f{po) = 
0,1 or 00, and F must be also contained in some great circle C2 of S so that 

'^A section of a curve always inherits the orientation of the curve. 
''This is in the sense that C contains 0, 1 and is oriented by 0, 1. 
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C2 n {0, l,c»} — {go} and F must be a simple path from go to q^. In this case 9A 
will be regarded as a natural edge with endpoints coinciding at the unique natural 
vertex q^. 

Definition 2.3. Let F = f{z),z € dA, be a polygonal closed curve and assume 
that pi G dA is a natural vertex o/F. Then there uniquely exist a finite number of 
points pj e dA,j — 1, . . . , n, with I12.2\) such that pi, . . . ,pn is an enumeration of 
all natural vertices of F. In this case, 

(2.3) F = Fi+F2 + --- + F„ 

is called a natural partition o/F, where each Tj is the restriction o/F to the section 
aj of dA from pj to pj+i {pn+i = Pn), and 

(2.4) aA = ai + H h a„ 

is also called a natural partition of dA corresponding to 112. 3\) . 

Remark 2.1. For the sake of simplicity and avoiding confusions, we make the 
following conventions. 

(1) When we say that F' is a natural edge of a polygonal closed curve F = 
f{z),z e dA, we always mean that F and dA have natural partitions \2. and 
{2.4% respectively, such that F' is the restriction Tj = f{z), z € aj, for some j. 

(2) When we use 112. 3\) to denote a natural partition o/F, we always mean that 
there is a natural partition {2.4-^ corresponding to h2.S]) . Then, in the above defi- 
nition we also call qj ~ f{Pj), which should be understood to be the pair {pj,qj), a 
natural vertex of F for j — 1, . . . ,n. 

Definition 2.4. A partition 

F = Fi + F2 + • • • + F„ 

of a closed polygonal curve in S is called a permitted partition if each Tj is con- 
tained in some natural edge o/F. 

A polygonal Jordan curve in S that is composed of exactly three line segments 
is called a triangle. Note that a vertex of a triangle may not be a natural vertex. 
Any great circle may be regarded as a triangle, while it has no any natural vertex. 

Definition 2.5. Let T ~ F(z), z G dA, be a closed polygonal curve in S. 

(1) For a point pq G dA, T is called convex at po, if po has a neighborhood I in 
dA such that the following two conditions (a) and (b) hold. 

(a) The restriction F|/ o/F to I is a simple path. 

(b) Either T\i is straight orT' = T\i +p"p' , in which p' and p" are the initial and 
terminal point o/F|/, respectively, is a triangle which enclose^ a convex triangle 
domain in S. 

(2) T is called strictly convex at pq G dA if T is convex at pq and for any 
neighborhood I of pq in dA, F|/ is not straight. 

(3) . For a point qg € S, T is called convex at qo Cz S if and only if for each 
p G dA with T{p) ~ qo, T is convex at p. 

(4) . For a set T d S, the closed curve T is called locally convex in T if and only 
if T is convex at each point qo G T. 



By definition, "encloses" means the triangle domain is "on the left hand side of of the triangle 

r'. 
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It is clear that if F is convex at qo G S, then for some neighborhood T of go in 
S, F is locally convex in T. 

Definition 2.6. A path 

F = F(t),tG [0,1], 
in S, is called a polygonal path if and only if [0, 1] has a partition 

(2.5) = to<ti<---<tn = l, 

such that the section Tj = T{t),t G [ij_i,tj], is a locally simple and locally straight 
path, j = 1, . . . ,n, and in this case 

F = Fi + • • • + F„ 

is called a partition of F. 

Natural vertices, natural edges, natural partition, permitted partitions and con- 
vex vertices of a polygonal path F = F(t), t g [0, 1], in S, can be defined as that for 
polygonal closed curves. But convex vertices are only defined in the open interval 
(0, 1) of [0, 1] and we don't call the endpoints and 1 natural vertices. To avoid 
confusions we write these definitions completely. 

Definition 2.7. Let F — f{t),t G [0, 1], be a polygonal path in S. 

(1) A point pq G (0, 1) is called a natural vertex of F if and only if one of the 
following conditions holds: 

(a) fipo)€E={0,l,^}. 

(b) f{po) ^ E and for any neighborhood Ip^ ofpo in (0, 1), the restriction Fj/^^ — 
f{t), t G Ip„, can not be a straight and simple path. 

(2) A closed interval I in [0, 1] is called a natural edge o/F if and only if each 
endpoint of I is either 0, or 1, or a natural vertex ofT, and the interior of I does 
not contain any natural vertex of F. 

(3) If I is a natural edge ofT, the restriction T\j — f{t),t G /, is also called a 
natural edge o/F. 

Definition 2.8. For a polygonal path F = f{t), t G [0, 1], a partition 

(2.6) F = Fi + --- + F„ 

is called a natural partition o/F, if and only if [0, 1] has a partition 

(2.7) 0^to<ti<--- <ta = l, 

such that each [tj^i,tj] is a natural edge o/F, and Tj is the restriction of T to 
[tj-i, tj],j = 1, . . . ,n, in this case \2. 7\ l is also called a natural partition of [0, 1] 
corresponding to i2.6]) . 

Remark 2.2. We make similar conventions as in Remark \2. 1\ for polygonal paths. 

(1) When we say that F' is a natural edge of a polygonal path F = fit),t G 
[0,1], we always mean that F and [0,1] have natural partitions i2. 6]) and \2.T^ , 
respectively, such that F' is the restriction Tj = f{t),t G [tj_i,tj], for some j. 

(2) When we use 112. 6\) to denote a natural partition o/F, we always mean that 
there is a natural partition {2.7^ corresponding to i2.6\) . Then, in the above defi- 
nition we also call qj = f{tj), which should be understood to be the pair {tj,qj), a 
natural vertex of T for j — l,...,rt — 1. 
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Definition 2.9. Let T = r{t),t E [0, 1], be a polygonal path in S. 

(1) For a point po G (0, 1), F is called convex at po, if there is a closed interval 
/ C (0, 1) such that (a) and (h) in Definition \2.5\ (1) hold. 

(2) r is called strictly convex at po £ 9 A if T is convex at po and for any 
neighborhood I of po in (0, 1), Fj/ is not straight. 

(3) . For a point qq E T is called convex at qq E S if and only if for each 
p € (0, 1) with T{p) — qo, T is convex at p. 

(4) . For a set T d S, the closed curve T is called locally convex in T if and only 
if r is convex at each point qq G T. 

Geometrically, a locally convex path (or curve) has the property that when we 
go ahead along the path (or curve) with our heads pointing to the center of the 
sphere S, we always go straight or turn left. 

Remark 2.3. The term "closed polygonal path" and "closed polygonal curve" have 
distinct meaning in some sense. If a polygonal path T given by its natural parti- 
tion i2. 6\} . the natural vertices mean ii,...,<„_i. But when /(O) — /(I) and T 
is regarded as a closed curve, are still natural vertices ofT, to =^ 0, 

identified with tn — I, may or may not be a natural vertex of the closed curve T. 
Closed polygonal paths still emphasize the initial and terminal points, while for a 
closed polygonal curve, there is no initial and terminal points, all points on it have 
equality. 

Remark 2.4. A locally convex polygonal Jordan path that is closed may not be a 
locally convex polygonal Jordan curve, by the definition. 

Definition 2.10. A polygonal Jordan curve in S that is either a great circle, or 
is composed of exactly two straight edges is called a biangle. A biangle divides the 
sphere S into two biangle domains. 

Note that a biangle may contains more than two natural edges, in the case that 
it contains 0, 1 or oo in its straight edges. 

Definition 2.11. A triangle in S is called a generic triangle if it encloses a triangle 
domain whose three angles are all strictly less than tt. 

Definition 2.12. A Jordan curve T in S is called convex if the domain Dr C S 
inside T is a convex domain in the sense that for any two points qi and q2 in Dr, 
there is a line segment L <Z S with endpoints qi and q2 such that L C Dr. 

Remark 2.5. By the definition, each locally convex polygonal Jordan curve is a 
convex curve and is contained in some closed hemisphere, while any locally convex 
curve that is not simple may not be contained in any closed hemisphere. 

Remark 2.6. Any triangle T in S all of whose edges have length < tt has a ori- 
entation so that T is a convex polygonal Jordan curve. But when a triangle T in S 
has an edge with length > tt, F, with either orientation, may not be a locally convex 
triangle. 

Remark 2.7. For any convex triangle F in S, the triangle domain enclose^ by 
F is contained in some hemisphere of S. Conversely, any triangle domain whose 
closure is contained in some open hemisphere of S is enclosed by a generic convex 
triangle in the same open hemisphere. 

^By definition, "enclosed" means "on the left hand side of . 
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3. Definition and some properties of Normal mappings 

The proof of the main theorem is based on the investigation of so caUed normal 
mappings defined in this section, which are the mappings satisfying condition (a) 
in Section [T] But we will use another definition. 

Definition 3.1. Let D be a Jordan domain in C. A mapping f : D S is called 
a normal mapping if the following five conditions are satisfied: 

(a) The boundary curve Tf — f{z),z e dD, is a polygonal closed curve. 

(b) For each p G D, there exist a neighborhood U G D of p, a disk V in S 
centered at q = f{p) and homeomorphisms hi : U —f A and h2 : V A, such that 



for some positive integer d. 

(c) For each p G dD, there exists a neighborhood U of p in D. a disk V in S 
centered at q — f{p) and homeomorphisms hi : U ^ A+ and h2 : V ^ A, such 
that 



for some positive integer d, where A+ is the upper half disk {C e A, Im^ > 0}. 



(e) f is orientation preserved in the sense that P ^ o f is orientation preserved, 
where P is the stereographic projection. 

The reader should be aware of that a normal mapping satisfies condition (a) in 
Section [TJ Conversely, a mapping that is orientation preserved and satisfies (a) in 
Section [T] must be a normal mapping, but this is not important for us. 

In the above definition if for some point p € the corresponding d > 2, then p 
is called a ramification point, f{q) is called a branched point, Vf{p) = d is called the 
multiplicity of / at p, and bf{p) — d — 1 is called the branched number of / at p. 

If for some p G dD, the corresponding d > 3, then p is called a ramification 
point, f{q) is called a branched point, Vf{p) — [^] is called the multiplicity of / at 
p, and bf{p) = [^^] — I is called the branched number of / at p. 

In the definition, "orientation preserved" means that for any regular point p e A 
of /, there is a closed Jordan domain Kp in A that is a neighborhoocQ of p in A such 
that / = P^^ o / or y maps Kp homeomorphically onto a Jordan domain K' in C 

such that when z goes along dKp anticlockwise, f{z) goes along OK' anticlockwise. 

For a normal mapping f : D ~~f S, f has only finitely many ramification points, 
p € -D is called a regular point of / if Vp{f ) = 1. 

The reader may be puzzled by the definition oivf{p) and bf{p) whenp S dD. As 
a matter of fact, the definition in this case follows from the fact that we can extend 
the mapping / to be a normal mapping so that p becomes an interior ramification 
point with multiplicity [^^] . 

For a Jordan domain D and a normal mapping f : D S, the boundary curve 
Tf = f[z),z £ dD, is a polygonal closed curve. Then the term natural vertex, 



This means that if p S A, p is contained in the interior of Kp in C, and if p 6 9A, p is 
contained in the interior of the arc K„ n 9 A in 9 A. 



h2of\uoh-\0 = A 



hi {U n dD) 
h2of\jjoh^\0 



[-1,1] _ 

C',Ce A+, 



rd;/(D)n{o,i,oo}-0. 
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natural edge, natural partition, permitted partition, etc. introduced in Section[2]are 
well defined for F/. 

Definition 3.2. For a Jordan domain D and a normal mapping f : D S. We de- 
fine V{f) to be the number of natural vertices of the boundary curve = fi^), z £ 
dD; define Ve(/) to be the number of natural vertices ofTj that is contained in E 
and define 

which is the number of natural vertices of T f that is not contained in E. 
Recall that E always denotes the set {0, l,oo} in S. 

Let / : Z? — > 5* be a normal mapping. Then by the definition, D has a trian- 
gulation such that each ramification point of / is a vertex of the triangulation and 
/ restricted to each triangle of the triangulation of I? is a homeomorphism onto 
a real triangle on S, i.e., each edge of the triangle is straight. Then / and the 
triangulation of D induce a triangulation of the Riemann surface of /; which is 
consisted of real triangles in S. Therefore, the following two lemmas are obvious. 

Lemma 3.1. Let D be a Jordan domain in C and let f : D ^ S be a normal 
mapping. Then for any Jordan domain Di contained in D, the restriction of f 
to Di is a normal mapping, provided that the curve f{z),z € dDi, is a polygonal 
curve. 

Lemma 3.2. Let D be a Jordan domain in <C, let a be a Jordan path in D such 
that the interio^^ of a is contained in D and a has two distinct endpoints lying 
on dD, let Di and D2 be the two components of D\a, and let fj : Dj —^Sbe two 
normal mappings, j = 1,2. If fi{z) = f2{z) for each z € a, then the mapping 

r fi{z),zeD^,_ 

I f2{z),zeD\Di, 
is a normal mapping defined on D. 

Lemma 3.3. Let f : A ^ S be a normal mapping and let q g /(A). Then, for 
sufficiently small disk D{q) in S centered at q, f~^{D[q)) is a union of disjoint 
closed domains Uj in A, j = 1,2, ... , n, such that for each j, Uj is the closure of a 
(relatively) open subset Uj of A, Uj C\ f^^{q) contains exactly one point Xj and the 
followings holds: 

(i) . If Xj £ A, then f restricted to Uj is a branched covering mapping onto D{q) 
such that Xj is the unique possible ramification point. 

(ii) . If Xj £ dA, then f(Uj) = D{q) or f{Uj) is a closed sector of D{q), and 
there exist homeomorphisms (f>j from Uj onto the closed half disk A+ and -ipj from 
D{q) onto A such that 

ct>,{x,) = o, 0,(c7-n9A)-[-i,i], 

and 

^jofo^j\^)=^d',^£A^, 
for some positive integer dj . 

Proof. The proof is quite simple and standard. Note that in (ii) f{Uj H A) may be 
the disk D{q) omitting a radius. □ 



means the curve a without endpoints. 
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Corollary 3.1. Let / : A — > 5 be a normal mapping that has a ramification point 
Po G 5A. Then dA has a section ol\ from po to some point in 9A\{po} such that 
(3 = f{z), z G ai, is a simple path in S starting from f{po) and, lifted by /, /3 has 
b = &/(po) I'ifts a2, ■ ■ ■ , ctb+i that start from po and satisfy 

aj\{po}c A,j = 2,...,6+1. 

Lemma 3.4. Let D be a Jordan domain in C and let aj = aj{t),t G [0, 1], be two 
paths contained in dD such that ai(0) = 02(0) and ai fl 012 contains at most two 
points. Let f : D ^ S be a normal mapping such that 

/(ai(t)) = /(a2(i)),te [0,1]. 

//ai(l) 7^ Q!2(l), then f can be regarded as a normal mapping 5 : A — > S* such that 

A{g, A) = A{f, D), L{g, dA) = L{f, (dD) \{a, U a^}), 

and Tg — g{z), z G dA, is the same as the closed curve 

Tf - f{z), z G {{dD) \ [ai U a^]} U {ai(l)}, 

ignoring a parameter transformation. 

If ai{l) — 0:2(1), then f can be regard as an open continuous mapping g from 
the sphere S onto itself. And so, f takes every value in S. 

Proof. The proof is the standard gluing argument that glue the domain D by iden- 
tifying ai{t) and 02 (i) for each t G [0, 1]. □ 

Lemma 3.5. Let f : A S be a normal mapping and let po G A fee a ramification 
point of f. Assume that (3 — (3{t), t G [0, 1], is a polygonal Jordan path in S such 
that the fallowings hold. 

(a) /?(0) = /(po), P has two distinct lifts aj = aj{t),t G [0,1], in A by f, with 
aj{0) = Po o,n-d 

(3.1) /(ai(<)) = /(«2(t)) = m,te [0,1], J = 1,2. 

(b) The interior a° = aj{t),t G (0, 1), of aj is contained in A,j = 1, 2, and 

{ai(l),a2(l)} caA. 

(c) f has no ramification point in the interior of ai and a^- 
Then a\(\) 7^ 0:2(1). 

Proof. Since there is no ramification point in the interiors of oi and 02, we have 

(3.2) aino2 C {ai(0),oi(l)}. 
By dSIl) and (b), 

(3.3) /3(i) ^0,l,(X3,tG (0,1). 

If oi(l) = 02(1), then oi — 02, or 02 — oi, encloses a Jordan domain D in 
A, and then by Lemma 13. 4[ f{D) = S. But / is a normal mapping, and then 
f{D) C /(A) C 5\{0, l,cx)}, and then by ^i^and ^ we have /"^({0, 1, 00}) C 
{ai(0),a2(l) — 02(1)}. Therefore we have f{D) ^ S. This is a contradiction. □ 
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4. A CLASSICAL ISOPERIMETRIC INEQUALITY OF THE UNIT HEMISPHERE 

In this section we use Bernstein's isoperimetric inequality to prove theorems 14.31 
and l4.4[ which wiU be used in Section [HI 

The following result is obtained by Bernstein in 1905. 

Theorem 4.1 (Bernstein inequality 2J). Let T be a simple curve in some hemi- 
sphere S* of S. Then the length L = L{T) and the area A of the domain in S* 
enclosed by T satisfy 

> AttA - A^, 
equality holds if and only if T is a circle. 

The following inequality is another version of Bernstein inequality. 

Corollary 4.1. Under the same hypothesis and additional condition £(r) < 27r, 

equality holds if and only if T is a circle, where R — ^^^^ . 

In fact, any circle in 5* with Euclidian radius R divides the sphere into two 
spherical disks with areas 27r (l ± Vl — R^) ■ The following result is obtained by 
Lado in 1935. 

Theorem 4.2 (Lado [5]). Any closed curve in S with length less than 2tt is con- 
tained in some open hemisphere. 

Corollary 4.2. Let I be a given positive number with 

n <l < \/27r, 
let li and I2 be positive numbers with 

n 

/i + /2 = / and Ij > -,j = 1,2, 

and, for j — 1, 2, let 7^ be a circular path in S such that jj has endpoints {0, 1}, 
L{-yj) — Ij, and 7 = 71 + 72 is a Jordan curve that encloses a domain in 
some hemisphere of S. Then the area of _D-y assumes the maximum if and only if 
h — h — \} o-'f^d Dj is convex. 

By this corollary, assume the maximum if and only is congruent with the 
domain D; defined in Section [TJ 

Proof. This follows from CoroUarv 14.11 and Theorem 14. 21 directly. Let Fi be a circle 
passing through and 1 in 5* so that the length of the section ai of Fi from to 1 
is I and Fi is convex in the sense that the disk inside Fi is contained in some open 
hemisphere of S. Then by the assumption, we have L{ai) < L(Fi\ai), and then 
there is a point p G Fi\ai so that the section a2 of Fi from 1 to p has length | as 
well. 

We replace aj with 7^- so that 7^- is congruent with ^j, j — 1,2, and that the circle 
Fi becomes a Jordan curve F2 that is convex everywhere, except at 0, 1 and p, in 
the sense that the triangle 0, l,p, is inside the closure of the domain inside F2. It 
is clear that L{ri) — L{T2) < 27r, and thus by Theorem l4.21 Tj is contained in some 
hemisphere Sj of S,j = 1,2. Then by Theorem 14. II vlr^ > Apa, the equality holds 
if and only if F2 is a circle, where Ar- is the area enclosed by Tj in Sj,j = 1,2. 
From this, the conclusion follows. □ 
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Lemma 4.1. Let I < 2Tr be a positive number and let li,l2, ■ ■ ■ ,ln be nonnegative 
numbers with 



Then 



< h < h < ■ ■ ■ < In and h + h -\ h = 

^2 - ^i^ny - ll) <2n- ^{2^Y - l\ 

k=l ^ ^ 

the equality holds if and only if h = ■ ■ ■ = In-i = and In = 1- 

Proof. There is a standard way in calculus to prove this. In fact, it also follows 
from Bernstein's inequality and Lado's theorem directly. □ 

Theorem 4.3. Let f : A ^ S be a normal mapping such that 

L{f,dA)<2n. 

Then 



1- Jl-Rj 



(4.1) A{f, A) < AiDf) = -L{f, dA) < L{f, dA) 



with Rf — ^^^^^'^^ and Dj is a disk in some open hemisphere of S with L{dDf) 
L{f,dA). 

If, in addition, L{f, dA) > V2tt, then 
(4.2) 4^ + A(/,A) <4L(/,9A). 

Proof. We first show that 



(4.3) A{f, A) < 27: - ^jA7T^-{Lif,d A) f. 

We may assume that 

(a) The boundary curve — f{z),z G dA, has finitely many multiple points, 
i.e. there is a finite set Q C i9A, such that / restricted to (i9A) \Q is injective. 

If (a) fails, we may conside the restriction fi = /I77 of / to some closed Jordan 
domain D C A, such that the boundary curve 

Tf,=f,{z) = f{z),zedD, 

of /i satisfies (a), while \A{f,A) - A{fi,D)\ and \L{f,dA) - L{fi,dD)\ may be 
made arbitrarily small. Then we prove (j4.3p for fi, which implies (|4.3p for /. 

By Theorem 14. 21 f{dA) is contained in some open hemisphere S' of S, and then 
/(5A) n {S\S') = 0. If /(A) n (5\5') ^ 0, then, since / is normal and a normal 
mapping is an open mapping, it is clear that S\S' C /(A), which implies that 
/(A) n (recall that i? = {0, 1, 00}), for S'\S" is a closed hemisphere of S and 
a closed hemisphere of S must contain at least one point of E. But this contradicts 
that / is a normal mapping. Thus, the foUowings holds. 

(b) /(A) is contained in S' . 

For each positive integer j, let Aj be the set that for each point p £ Aj, f{z) = p 
has at least j solutions in A, counted with multiplicities. Since / is normal, there 
exists a positive integer n such that n is the largest number with A„ 7^ 0. Then 



(4.4) A(/,A)=^A(A 



3J' 
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and by (a), considering that / is a normal mapping, it is clear that for any pair 
{j, k} with j ^ k, {dAj) n (dAk) is a finite set and 

n 

(4.5) L(/,9A) = ^L(9A,). 

j=i 

For each j < n, Aj is a union of finitely many components Ajk, k = 1,2, ... ,kj, 
each of which is a domain also contained in S' (by (b)) and is enclosed by a finite 
number of polygonal Jordan curves. For each j and each k < kj, Let A*^. be the 
domain which is the complement of the component of S\Ajk in S that contains 
dS'. Then A*^. is a polygonal Jordan domain with 

aA*fc c dAjk but A*;, D AjTc, 

and then by Corollary 14. II we have 



A{Ajk) < A{A*k) < 271 - JAtt^ - L{dA*Y < 2^ - J A^^ - L{dA,k)^ 



A(A,fe) <2^-^47r2-L(aA,fe)2, 
for each j < n and each k < kj. Then, by Lemma |4. II we have 



^^A(A,,) < ^^(2^-y'4^2_^aA, 

j=l k=l j=l k=l 



< 27r 



n kj 

j=i k=i 



the second equality holds if and only if n = 1 and Ai — /(A). By (|4.4p and (|4.5p . 
considering that 

n n kj 

j=i j=i fc=i 

and 

n n fcj 

^i(9A,)=^X^L(aA,,), 

j=i i=i 

we have (14.31). 



Let i?/ = Then by (gSD, considering that Rf < I, we have 



v4(/,A) < 2^(l-^l-i?2) 

= ^-^ -L{f,dA) 

< L{f,dA), 

and (|4.ip is proved. 

On the other hand, under the additional assumption L{f, dA) > we have 

^pQ/^^) < 2^2, and then by ((i7T|) . we have 

A(/, A) + 47r < L(/, aA) + 47r < (l + L{f, dA) < 4L{f, dA). 
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This completes the proof. □ 

Corollary 4.3. Let f : A S be a normal mapping such that f maps the diameter 
I = [—1, 1] of A homeomorphically onto the line segment 7 = 0, 1 in S and 

(4.6) L{f,dA)<V2TT. 
Then 

A{f,A)<A{Di), 

where Di is the convex Jordan domain in S which is contained in the spherical disk 
in S with diameter 0, 1 and is enclosed by the two circular arcs in 5*, each of which 
has endpoints {0, 1} and length I — i^L{f, dA). 

Remark 4.1. The domain Di defined here is congruent with the domain Di defined 
in Section{l\and the convexity of Di is ensured by |^.6p . 

Proof. This follows from Corollaries 14.21 and Theorem 14.31 Without loss of gener- 
ality, we assume that the orientation of /([—1, 1]) C S is from to 1. 
Let 

a+ = {z e dA;lmz > 0}, = {z e dA;lmz < 0}, 
A+ = {z e A; Imz > 0}, A" = {z e A; Imz < 0}. 
Then by (|4.6p there uniquely exists a circle C in S* passing through and 1 such 
that the interior 0, 1 of 0, 1 is contained in the disk K enclosed by C and the 
section ci of C from 1 to has length L{f, a+). Then, by the assumption, it is clear 
that 

i(ci) = L(/,a+)>|. 

If /(a^) = -f, then by the assumption we have /(9A+) = 0, 1, and then /(A+) 
must contains 00, for normal mappings are open mappings. But this contradicts 
the assumption that / is normal and as a normal mapping f{z) 7^ 0, 1,cxd for all 
z G A. Thus we have L(/, a+) > ^, which implies 

(4.7) L{dK) = L{C) < 2tt. 

Thus 0, 1 + ci encloses a Jordan domain Di and D2 = K\Di is also a Jordan 
domain. 

We may extend /|-^ to be a continuous mapping F : A S such that F 
restricted to A~ is a homeomorphism onto D2 and restricted to is a homeo- 
morphism onto C\ci. Then, we have 

L{F, dA) = L{f, a+) + L{F, a') = L(ci) + L(C\ci) = L(C), 

which, with (|4.7p . implies 

(4.8) L{F, dA) = L{dK) = L{C) < 2tt. 

F is not a normal mapping, and so we can not apply Theorem 14.31 to F directly. 
But by (|4.8p we can apply Theorem 14.31 to a normal mapping g so that \L{g, dA) — 
L{F, dA) \ and \A{g, A) — A{F, A)\ can be made arbitrarily small, and finally obtain 

(4.9) A{F,A) <A{Df), 
where Dp is a disk in some hemisphere of S with 

(4.10) LidDp) = L{F,dA). 
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F is not normal just because the boundary curve Tp = F{z),z e 9A, is not 
polygonal. Since F{a'^) = is already polygonal, F{a^) = C\ci and dA = 

a"*" U a~ , the mapping g mentioned above can be obtained by restricting _F to a 
domain Ag C A with D A+. 

By gJl) and (|4l0)) we have LidDp) = L{dK), which implies A{Df) = A{K). 
Thus, by (|49|l we have 

A) < 

Therefore, by the facts A{K) = A(L>i) + A{D2) and A) = A{f, A+) + ^(Lis) 
we have A{f, A+) < ^pi). 

Similarly, we can show that A{f, A~) < A{D'i), where D[ is the convex domain 
in some hemisphere of S and is enclosed by 1,0 and the circular arc C2 from to 
1 with L{c2) = L(f,a~). Then 7 = ci + C2 encloses a Jordan domain with 
A{D^) = A{Di) + A{D[) and 

Aif,A)<AiDi) + A{D[) = A{D^), 

and by Corollarv l4.2i the desired result follows. This completes the proof. □ 



Let a be a circular path in the upper half plane Imz > from 1 to and let 21q. 
be the domain in C enclosed by a and the interval [0, 1] and assume L{a) < -^tt, 
which means that a is contained in the closed half-disk 

{z e C; Imz > and |z - i| < i}. 

Then 

2 ^ ^ 

We want to find the relation between the spherical length L{a) and the spherical 
area We will show that both L{a) and A(21q) is a real analytical function 

of 

T = sin0a,O<0a< |. 
where 6a is the value of the angle between a and the interval [0, 1] at 0. 



Lemma 4.2. In the above setting, we have 

(4.11) Lia) = Co(t) := r^^ i^ - arctan ^l_l! ), r G [0, 1], 
and 

(4.12) A(2t„) = Ci(t) 2arcsinT-TCo(T),T e [0,1]. 

Proof. Let e C be the center of the circle containing a. Then RcCq, = ^, and 

since L{a) < -^tt, Imc^ < 0. Let da = 2ca- Then the triangle in C with vertices 
0, 1 and da is a right-angled triangle and 6a is the value of the angle at da- 
It is clear that 

Kl = -V- 

sm 6a 

On the other hand, for any point z G a, it is clear that 

\z\ = sm{6a - t)\da\, 
where t = argz. Then we obtain a parameter expression of the circular path a: 

a = a{t) = ''''^\-^K ^\te[0,6a], 
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Then we have 



, , , , , I - e** coaida -t) + ie^* sin(6l„ - t)\ , dt 
\da{t)\ = J ^— ^— '-^dt - 



and 



L{a) 



sin 9o 

2\dz\ _ 2\da{t)\ 



„l + |z|2 l + Kt)P 
2 sin 9 a 

2 sin 9„ 



sin^ 9a + sin^ x 



dx 



vr - sin^ 9a 
arctan ■ 



Vl + sin^ Oa \/l 



sin^ ( 



and we have (|4.1ip . 

On the other hand, we have 

Adxdy 



A{%a) = 



2lo 



(1+|Z|2)2 



— 2^Q, — 2 



20„ - 2 



l + 

sin^ ^ctda; 
sin^ 9a + sin^ x 



= 29a — sm9aL{a), 
and we have (|4.12p . □ 
It is clear from the geometrical sense that the function 



is an injective mapping. 

Corollary 4.4. Let f : A ^ S be a normal mapping such that f maps the diameter 
[— 1, 1] of A homeomorphically onto the line segment 0, 1 in S and 

L{f, dA) < V2tt. 

Then 

A{f,A) < 2Ci(t) = 4arcsinr - 2TCo(r), 
where T = Co \^L{f,d A)). 

Proof. This follows from Lemma |4]2] and Corollary [43] directly. □ 

Theorem 4.4. Let f : A S be a normal mapping such that f maps the diameter 
[—1,1] of A homeomorphically onto the interval [0,1] in S and 

L{f, dA) < V2tt. 
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Then 

47r + A(/,A) </ioi(/,aA), 
where ho is given by 11.3]) . i.e. 



ho = max 

re[0,l] 

1 



vT+T^ (tt + arcsin r) 



arccot 



Proof. Let T = Co"'(iL(/,aA)). Then 



and by Corollary 14.41 
Then 



i(/,aA) = 2Co(T) 
A(/,A)<2Ci(r). 



4^ + A(/,A) < 4^ + 2Ci(t) 
4^ + 2Ci(t) 

4^ + 2Ci(t) 
2Co(t) 

2^ + Ci(t) 
Co(r) 



i(/,9A) 
i(/,9A) 
L(/,9A)</joi(/,aA), 



where 



27r + Ci(T) 27r + 2 arcsin t — t(o {t) 

max — — = max 

^6[o,i] Co(t) Te[o,i] Co(t) 



= max 

-re[o,i] 



max 

Te[o,i] 



27r + 2 arcsin r 



arctan 



Vl + (vr + arcsin r) 



arccot 



□ 



5. Locally convex polygonal paths and curves in the Riemann sphere 

The goal of Sections [5] [7] is to prove Theorem 17.11 which is the second key step 
to prove the main theorem. 

In this section we prove some results about locally convex polygonal Jordan 
paths and curves, which is used in Sections El and [71 

It is clear that a generic convex trianglq^ in S is contained in some open hemi- 
sphere of S, and then we have the foUowings. 

Lemma 5.1. Let T <Z S be a triangle domain insid^^ a generic convex triangle 
(71(72 93 91 in S. Then for any q €z T, the notation qTqqsqi makes sense and denotes 
a generic convex triangle. 

The following result is easy to see. 



llSee Definition [Zm 

^^By definition, "inside" means "on the left hand side of 
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Lemma 5.2. For any polygonal convex Jordan curve T in S and any natural edg^ 
I o/r, the domain inside T is contained in the open hemisphere of S which is inside 
the great circle determine^^ by I. 

Lemma 5.3. Let T = ^{z), z G 9A, he a polygonal Jordan curve in S. 

(i) If T is convex and contains a pair of antipodal points, then T is a biangle, 
and moreover, if in addition T has a straight edge with length > tt, then T is a great 
circle of S. 

(a) If T is convex and has at least three vertices in the usual sense, i.e. T can 
be expressed as 

r = h + I2 -\ \-lm,m> 3, 

where each Ij is a straight edg^ of r whose endpoints are both strictly convex 
vertices of T , j = 1,2, ... , m; then for each j, j ^ 1,2, . . . ,m, 

(5.1) L{1,) < TT 

and for the great circle Ci- in S determined by Ij , 

(5.2) mCi^^lj, 

and therefore, T is contained in some open hemisphere of S. 

Proof. Assume that F has a pair of antipodal points qi and q2. We show that the 
section F' of F from qi to 52 is straight. 

For any natural edge e of F', by Lemma 15. 2[ qi and 92 are both contained in 
the closed hemisphere inside the great circle Ce determined by e, and thus qi and 
(72 are both contained in Cg. By the arbitrariness of e, F' must be a straight path 
from qi to 92- For the same reason, we can show that F\F' is also a straight path. 
Thus, F is a biangle, which implies the second conclusion of (i), and (i) is proved. 

Now, we prove (ii). It is clear that (i) implies (|5.ip directly, for otherwise F is a 
biangle which contains at most two edges in the usual sense. So we may write 

F = qTQ2 + q2Q3 H 1- Q^^, to > 3, 

where Ij = qjqj+i with gm+i = qi- 

We denote by C;^, Cjj and Ci^ the great circles in S determined by /„i — 
qmqi, h = qTq2 and I2 = qlqs, and denote by Di^ and Di^ the domains inside 
Ci^, Ci^ and Ci^, respectively. Then, qm and 53 must be both contained in Di^, 
since, by the assumption, F is strictly convex at qi and 92; and then, it is clear that 
K = Di^ n Di^ n Di^ is a closed triangle domain whose three angles are all strictly 
less than tt, and then K has a vertex in Di-^ and 

On the other hand, it is clear that F n (7;^ D li and, by Lemma 15. 2[ K D T. 
Therefore, we have (|5.2p for j = 1. This completes the proof. □ 



By definition, natural edges are oriented by the polygonal curve. 
^^This means that the great circle contains I and is oriented by I. 

^^Note that the interior of Ij may contain points in E, and so Ij may not be a natural edge of 
r, by the definition of natual edges. 
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Lemma 5.4. Let T be a locally convex polygonal Jordan path with initial and 
terminal point at qi. Assume T has the following natural partitioi^^ 

(5.3) T = qTq2 + q2q3^ hg^;!?!, to>3, 

such that 

(5.4) giga.-.gmn [0, +c»] = {gj. 
Then the followings hold. 

(1) For each j — I, . . . ,m — 2, Lj = (7igj+ 1(7^+2 91 is a generic convex triangle, 
(ii) The closure Tr of the domain Tr inside T is contained in some open hemi- 
sphere of S. 

(Hi) For each triangle domain Tj inside the triangle Lj, 

n Tfe = 0, 1 < j < /c < m - 2, 

and 

Remark 5.1. (1). Condition JJ.^p is used just to ensure that each vertex qj,j = 
2,3,...,m, of T is a strictly convex vertex. Thus, |5.^[ j can be replaced by the 
condition that T is strictly convex at q2, . . . , Qm- By Definition \2.9l |5.^[ ) can also 
be replaced by 

{q2,...qm}r]E = 9, 

which, with the assumption that T is locally convex, implies that T is strictly convex 
at q2,. . . , qrn- 

(2) . The reader should notice that 15.3)) makes sense if and only if d{qj, qj+i) < tt 
for all j — 1, . . . ,m ~ 1, by the appointment. 

(3) . By conclusion (ii), in the case that qmQi + Qilm is straight, we have 
L{qm-iqm + Inili) < Thus if we regard T as a closed polygonal Jordan curve, 
each edge, in the usual sense, of T has length < tt, and thus, each natural edge of 
r has length < tt. 

Proof. We regard F as a closed curve. Then F is locally convex everywhere, with 
at most one exceptional point at qi. 

Let Tp be the polygonal domain inside F. Then, it is easy to sec that there is a 
path I in Tr from qi to some point g' G F such that the followings hold. 

(a) I n qsqs+i° = {<?'} for some natural edge gTqT+T of F, where qsqs+i° is the 
interior of qsqs+i (if s = m, qs+i = qi). 

(b) The interior of I is in the domain Tr. 

(c) I divides the angle Qq-^ of the polygonal domain Tr at qi into two angles, 
each of which has value < tt. 

By the fact that any two distinct straight lines in the sphere S only intersect at 
a pair of antipodal points, and that (15. 3p implies L^qiqj) < tt and L(qmqi) < tt, we 
have that 

(5.5) I r]qiq2 = I (^q^ = 

which implies 

(5.6) 2<s<m-l. 



^®By definition, here "locally convex" means that for each j = 1, 2, . . . , m — 1, qjlfflyiqj^ is a 
convex path from qj to qj+2- So, as a closed curve, F may not be convex at qi, i.e., qmqiq2 may 
not be a convex path. 
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It is easy to see from (a)-(c) that 

Ti = qiq2 ■ ■ -qsq' - I 

is strictly convex at qi and q' , and then by (|5.4p and the assumption that F is a 
locahy convex path and that 92, • • ■ , 9m are the all natural vertices, Fi is a polygonal 
convex Jordan curve that is strictly convex at all points qi, . . . , qs, q' . On the other 
hand, since F is simple, by (jS.Sp and (j5.6p we conclude that qi, (72 and g' are distinct 
each other. Therefore, Fi is a convex polygonal Jordan curve that has at least three 
strictly convex vertices, and thus, by Lemma [5.31 (ii), Ti\qsq' is contained in the 
open hemisphere 5" inside the great circle determined by qsqs+i 3 qsq\ and for the 
same reason, 

^2 = q'qs+i ■ ■ ■ qmqi + I 
is also a convex polygonal Jordan curve that has at least three strictly convex 
vertices and T2\q'qs+i is also contained in 5". Thus, T\qJqJ^ is contained in S", 
and, considering that Lij^q^X) < tt, we have proved (ii). 

(i) follows from (ii) and the convexity of Fi and F2; and (iii) follows from (i) and 
(ii) directly. This completes the proof. □ 

In the rest of this section we assume that 70 is a locally convex polygonal Jordan 
path that has the natural partition 

(5.7) 70 = glW + 9293 H h qm-iqm,m > 3, 

with 

(5.8) 7on [0,+oo] = {gi,g„J. 

Then 52, ■ ■ • , qm-i are natural vertices of 70, at which 70 is convex, and none of 
92: ■ • ■ , 9m- 1 is contained in E. Thus, by Definitions 12.71 and 12.91 we have that 

(a) 7o is strictly convex at all its natural vertices, the points 92, ... , 9m- 1- 

Lemma 5.5. Assume qi ^ q„i and let Iq-^^q^ he the section of [0, +cxd] from qi to 
q„i. Then the followings hold. 

ft) ^ = Jo ~ Iqiqm polygonal Jordan curve that is convex everywhere, with 
at most one exceptional point at qi or q„^. 

fti) L{Iq-^q^^) < TT, and F and the closure Tp of the domain Tp enclosed by 

r = 70 - Iqiq^ = 70 + q^ 

is contained in some open hemisphere of S. 

ftii) If, in addition, qi = 0, then F is strictly convex at q„i. 

Proof. It is clear that F = 70 — Iqiq-m is simple, and by (a) we have 

(b) 92, ■ • ■ , 9m- 1 are strictly convex vertices of F. 

Thus the possible nonconvex vertices of F are 91 and qm. We show that F is 
convex at 91 or g^. We assume the contrary that both qi and q^ are nonconvex 
vertices and without loss of generality, we assume 

(5.9) 91 < 9m- 
Then we hav^H 

^^Note that under this contrary assumption, V does not go straight at q\, nor at q-m, but turn 
right at both q\ and qm- On the other hand, 9192, qm—iqm make sense if and only if d{qi,q2} < tt 
and d{qm-i,qm} < tt. Thus, glgi" n Cim = {qi} and and (Jm-l<?m n Cim = {g-m}, which, with 
the assumption qi < qm, implies (c). 
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(c) Both q2 and qm-i are contained in the open hemisphere S" inside the great 
circle Cim determined by Iq^q^- 

Then by (|5.8p . Iq^q^ has a neighborhood Ji in the great circle Ci™ determined 
by -^9ig™ C [0, +00] such that J° D [0, +00] and Ji\Iqiq^ C Tr, where Tr is the 
domain inside F and J° is the interior of Ji. 

It is clear that there are only two cases need to discuss: 

Case 1. Clm n r = Iq^q^. 

Case 2. n T) ^0. 

Assume Case 1 occurs. Then Cim H 70 = {qi, qm}, and for the sectiorF^ ^q,^^ql "-"^ 
from to qi , by (|5.9p and (c) we conclude that 

r' = 70 + I'q^q, 

is a Jordan curve that is strictly convex at qi and qm , and then by (a) and Remark 
12.51 we can conclude that V is a convex polygonal Jordan curve in S and is strictly 
convex at qi, . . . , q^, and thus we have by Lemma 15.31 that L{I'^^q_^) < tt, but on 
the other hand 

L(4^^J = LiC\rn) ~ L{Iq,qJ >27T- L([0, +00]) - TT, 

which is a contradiction. Thus, Case 1 can not occur, and then. Case 2 must occur. 

Then, we can extend the path Ji past both sides to be a longer path J from q' 
to q" such that 

(d) {q',q"} C r, J is oriented by Iqiq„^, the interior of the section of J from q' 
to qi and the interior of the section of J from q„i to q" arc both contained in Tr- 

Then 

(5.10) L(J) > TT, 

for J D D [0, +00]. 

We first show that q' ^ q" . We assume the contrary that q' — q" . Then it is clear 
that q' is in the interior 7q of 70 and, by (d), we have 

(5.11) Ci™n7o° = 

Then, by (c), (|5.1ip and the fact that 70 is simple and connected, we have 



(5.12) 7o°\{9'} C S'. 

Since q' ^ qi,qm, 70 is convex at q' by the assumption. Then by (j5.12p . 70 is 
strictly convex at q' , and thus the domain Tr is a polygonal Jordan domain with 
an angle at q' strictly less than vr. But by (d) and the assumption q' = q", J\Iqiq^ 
is a neighborhood of q' in Cun and {J\Iqiq^) \{q'} C Tp. This is a contradiction. 
Thus, q' ^ q". 

Let 7q be the section of 70 from q' to q" . Then 

is a polygonal Jordan curve that is strictly convex at q' and q", for 70 is a locally 
convex path, {q',q"} C 79 C 7g, q' and g" have neighborhoods in J contained in 
Tr. Thus, F' is convex everywhere by the assumption on 70, and then F' is convex 
by Remark 12.51 and then by (|5.10p and Lemma [5T51 (i), F' is a great circle, which is 
a contradiction since F' strictly convex at q' . 



Recall that, by the appointment, a section of a curve inherits the orientation of the curve, 
and so I'g^q-^ is the complementary of Ig-^g^ in Cim- 



THE BEST BOUND OF THE AREA-LENGTH RATIO IN AHLFORS' THEORY 25 



Summarizing the above argument, we can conclude that F must be convex at qi 
or Qm, and (i) is proved. 

To prove the inequality in (ii), assume the contrary, that is, L{Iq-^q^) > tt. Then 

qi = and q„i = oo, 

and so L{Iq-^q^) = tt. Without loss of generality, by (i), we may assume that 
(e) r = 7o — Iqiq,„ is convex at qi = 0. 

If r is also convex at qm, then F is a convex curve in S, and then by Lemma l5.3l 
(i), r is a biangle with vertices and oo, and then [0, +00] and 70 should be the 
two straight edges of the biangle F; but by (b) this is a contradiction. 

We first assume that F is not convex at Then we can extend Iq-^q^ past qm 
to obtain a longer line segment J' from qi to q' so that 

(5.13) q' e 70 and (J'\/g,,,J \{q'} C Tp. 
If q' — qi, then we have J' = Ci„i and then 

(5.14) JVqiqrr. = Ci™\[0,+oo] C Tr. 

But on the other hand, by (e), qTq2\{qi} is either contained in the open hemisphere 
S\S' outside Ci„i, or qTq2 C Cim- Then, in the case q' = qi, we have qiq2\{qi} C 
S\S' by (|5.14p . and then q' = qi has a neighborhood in J' that is outside Tr, which 
contradicts (|5.14p . Thus, q' ^ qi. 

Then — J' and the segment of 70 from qi to q' compose a polygonal Jordan curve 
F', and F' is strictly convex at q' , since J'\Iqiq^ intersects F at q' from the left hand 
side of F, by (|5.13p . and F is convex at q'{^ 91, g^). Hence, by (b) and (e), F' is 
locally convex polygonal Jordan curve with the straight edge — J' with L{J') > tt, 
which implies that F' is a great circle in S by Lemma 15.31 (i) . But this contradicts 
that F' is strictly convex at q' , and we obtain a contradiction again. 

Summarizing the above discussion, we have proved 

(5.15) L{Iq,qJ<7r, 

the inequality in (ii). Then, we can write ~Iq^q„^ ~ ~qiqm ~ (?m<Zi, and 

F = qTq2 + 9292 + ■ • . q-m-iq-m + q^- 

Now we prove that F is contained in some open hemisphere of S. 
If {qi, qm} C (0, 00), then by (|5.8p . neither 92, nor qm~i can lie in Cim and thus 
by (i) F is strictly convex at qi or q„i. 

Assume qi = 0. Then, by (|5.15|) . q„i G (0,oo) and by (|5?8)) 

(5.16) 

If F is not convex at 0, then by (i) and by (|5.8p . F is strictly convex at q^- If F is 
straight near 91, then 9T92 C Cim and by (b), 9293\{92} C S\S', and then we can 
extend 9392 past 92 to a point 93 so that 9392 makes sense and 919293 is still strictly 
convex at 92. Then the curve 79 = 919293 .. . 9m satisfies all the assumptions of 70 
but the curve F* = 7q — /g^ q^^ is not convex at 91 , and thus by (i) and (|5.16p F* is 
strictly convex at qm- But F* and F coincide near 9™, and thus F is strictly convex 
at qm- If 9m = 00, the discussion is similar. 

Summarizing the above discussion, we can conclude that F is strictly convex at 91 
01" 9m, and thus, by (b), either 9192 ■ ■ ■ 9m9i; c>r 9m9i • ■ ■ qm—iqm, is a locally convex 
path that is strictly convex at each natural vertices, and then F — 9192 • . . 9m9i is 
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contained in some open hemisphere of S. The second part of (ii) is proved, and (ii) 
is proved completely. 

Now, assume qi = 0. Then G (0, +00) by the assumption and (ii). Thus, 
by the assumption, qm-i is either contained in the open hemisphere S' inside the 
great circle determined by [0, +00], or qm-i G S\S'. If qm-i G S", then F is not 
convex at Qm and the open interval of the great circle C determined by [0, +00] 
from qm to 00 is contained in Tr, and then we can obtain a contradiction as the 
above argument involving J'. Thus qm-i G S\S', i.e. T is strictly convex at g™, 
and (iii) is proved. □ 

Lemma 5.6. If qi — and qm G (0, +c»), then for each j = 1, . . . , m — 2, Lj = 

QiQj+iQj+2qi is a generic convex triangle and for the triangle domain Tj inside Lj , 

n Tfc = 0, 1 < j < A: < m - 2, 
I^n [0,+oo] = {0}, for j = l,...,TO-3, 

T„i-2 n [0, +00] = q;;;^- 

Proof. By (b) in the above proof and by Lemma 15.51 (ii) and (iii) , 
r = 70 + q^ = qiq2 + 9293 H 1- 9m-igm + 

is contained in some open hemisphere of S and is strictly convex at (72, • ■ ■ ,9m- 
Then by Lemma (iii) and Remark 1 5. II (1), the conclusion follows. □ 

Lemma 5.7. If q2 is contained in the open hemisphere S' inside the great circle C 
determined by [0, +00], qm-i is contained in S\S' , and if 

(5.17) {91,9™} C (0,+cx)), 

then the followings hold. 

(i) T = ^0 -\- 5m 91 — 9192 • • • 9m 91 is a Jordan curve such that is contained in 
the domain Tr inside T. 

(ii) For qo = and j = 1, ... ,m — 1, Lj = qoqJqJ+Tqo is a generic convex 
triangle; and for the triangle domain Tj inside Lj , 

J)n [0, +00] = {0}, for j = 2, . . . ,TO - 2, 



Ti n [0, +00] = go9i, Tm-i n [0, +00] = 9m9o. 

Proof. For any point q[ that is in the interior of 9192 and is sufficient close to 91 , 
by the assumption of the lemma, the polygonal curve 



7o = 09^92 .. . 9m = Oq'i-\ 1- qm-iqm 

is a locally convex Jordan path and satisfies the assumption on 70 just with more 
edges, then applying Lemma 15.61 to 7q and taking 9^ — > 91, we can obtain (i) and 
(ii). □ 

Lemma 5.8. // 

(5.18) {91, 9m} C (0, +00), 
and 

(5.19) {92,9m-i}c5', 

where S' is the open hemisphere inside the great circle determined by [0, +00], then 
the curve F = 70 + 9m9i = 9i 92 • • ■ 9m 9i is a convex polygonal Jordan curve, qm < 9i 
and F is strictly convex at qj,j — 1,2, ... , m. 
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Proof. We first assume qi ~ Qm- Then 

r = 70 = Wql H 1- qrn-iqi 

is a locally convex Jordan path, and then m > 4 and, by (a), T is strictly convex 
at 92, ■ • • , qm~i, and considering that in this case, (|5.8p is reduced to (|5.4p . we can 
conclude by Lemma [5^ that the closure Tr of the domain Tr enclosed F is contained 
in some open hemisphere of S. On the other hand, by (|5.8|) . (I5.18P and ()5.19p and 
the assumption that qi = qm, it is easy to see that, if (7m-i9i92 is not convex at 
qi, then [0, +cx)]\{(7i} will be contained in Tp, and then Tp can not be contained in 
any open hemisphere of S. This is a contradiction. Thus, by (|5.18p and (|5.19p , F is 
strictly convex at gi, and then by (a), F is strictly convex at qj,j — 1,2, ... , m. 

Now, we assume qi ^ qm- Then by Lemma 15.51 F is convex at qi or q^. If 
qi < q-m, then F is neither convex at qi, nor at qm- Thus, we must have qm < qi- 
Then, by (|5.18p and (|5.19p . F is strictly convex at qi and qm, and then by (a), F is 
strictly convex ai qj,j — 1,2, ... ,m. □ 



6. Lifting Lemmas for normal mappings 

In this section, we prove Theorem 16 . 1 1 that is used to prove Theorem 17. II Theo- 
rem 17.11 is the second key step to prove the main theorem. 

Lemma 6.1. Let f : A —i- S be a normal mapping and let D be a polygonal Jordan 
domain in S such that f^^ has a univalent branc^^ g defined on D. Then g can 
be extended to be a homeomorphism ]j from D onto g{D). 

Proof. There is a simple and standard way to prove this by Lemma 13.31 □ 
The following result is obvious but useful. 

Lemma 6.2. Let Di and D2 be Jordan domains in C and let f : Di D2 be a 

mapping such that f : Di — > /(-Di) is a homeomorphism. If f{dDi) C dD2, Then 

f{Di) = d;. 

Lemma 6.3. Let pi and p2 be two distinct points in dA, let a be the sectioi^^ of 
OA from pi to p2 and let (3 be a Jordan path in A from p2 to pi such that a and 
(3 have a common point po with po 7^ pi,p2- Assume that f : A ^ S is a normal 
mapping such that the followings hold. 

(a) The curve F^ = /(-z), z Cz a, and Tp = f{z), z (E P, are polygonal paths and 
are both convex at pp. 

(b) f is regula^ at pq. 

Then Pq has a neighborhood /?' in (3 such that (3' G a G OA and f restricted to 
[3' is a line segment in S . 

Proof. By the assumption, po has a neighborhood a" in a and a neighborhood (3" 
in (3, such that the curves f{a") and f{f3") intersect "tangently". 

□ 



univalent branch" always means that the branch is a homeomorphism. 
■^'^Recall that 9A is always orientated anticlockwise, and a section of a curve inherits the 
orientation of the curve. 

^^This means that / is homeomorphic in a neighborhood of po- 
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Lemma 6.4. Let pj ~ e*^J be a number of m distinct points in dA with 

01 < 02 < ■ ■ ■ < 9,n < Oi + 2tt, 

let aj be the section of dA from pj to pj+i,j = l,...,m — 1, let f : A —> S be a 
normal mapping and let 

(6.1) q-i ^ f{pj),j = 1,. . .m. 

Assume that the followings hold. 

(a) The section 

To = f{z),z e ao = cii H h 

of the boundary curve Tj — f{z),z G dA, is a polygonal Jordan path and each 
section Tj = f{aj) ofVo is a natural edge o/Fq with 

(6.2) L{Tj) <Tr,j = l,...,m. 

(b) Lj = WQj+TQj+2QiT j = 1, . . . , ?7i — 2, are generic convex triangles in S, the 
triangle domains Tj enclosed by Lj are disjoint each other, and 

r = To + 

is a polygonal Jordan curve. 

(c) For the domain T enclosed by T, f has no branched point in T\qmqi. 

(d) The boundary curve Tf — f(z),z G dA, is locally convex in T. 
Then, the followings hold true. 

(i) f^^ has a univalent branch g defined on T such that g maps Tq = (71(72 ■ ■ - qm 
onto ao = ai + ■ ■ ■ + am~i with g{qj) = Pj,j — 1,2, ... ,m. 

(ii) Lf in addition, for some open interval 7 of qmqi, f has no branched point in 
7 andTf — f{z),z G OA, is locally convex inj, then either gi^-y) C OA or g(^) C A. 

We first prove the following lemma under the same assumption as that in Lemma 
16.41 Note that by (|6.ip and (|6.2|) . we can write 

Tj ^qjqj^,j = 1,2, . . . ,m - 1. 

Lemma 6.5. (i). f~^ has a univalent branch gi defined on Ti, such that gi re- 
stricted to (71(7293 is a homeomorphisms onto ai + 02 with gi{qj) = Pj,j — 1, 2, 3. 

(ii). Lf m > 3, then [3i — 51 ((71(73) is a Jordan path in A from pi to p^ and the 
interior of (3i is contained in A. 

(Hi). If m = S and for some open interval"/ contained qmqi, f has no branched 
point in 7 and T/ = fiz), z G OA, is locally convex in 7, then either 5(7) C dA or 
5(7) c A. 

Proof. Write Cq = ai + q;2, 70 = Ti + r2 = gTgi^s and 71 = q[q^ . 

Let vi be an interior point of 71 = qiQa and let v — Vs — v{s), s G [0, 1], be a 
Jordan path that represents the straight path from (72 to vi in the closed triangle 
domain Ti enclosed by the triangle Li = (71(72(73(71 =70 — 71 • Then, by (b) and 
Lemma [5.11 for each s G (0,1), the polygonal Jordan path 7^ = qiVsqa in Ti is 
strictly convex at Vg, and js,s G [0, 1], is a family of curves exhausting the closed 
domain Ti and satisfying the following condition (e). 

(e) For each s G (0, 1], the domain Tg inside 70 — 7s is a (spherical) quadrilateral 
domain contained in Ti and for any pair si, S2 G (0, 1] with si < S2, 

T,, U (7.A{9i, 93}) = 5i:\7o C T,,. 
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Since / is normal, by the definition, there exists a point ((^ ii^ the interior of 
Fi = 9192 and there exists a point g' in the domain T\ such that /^^ has a univalent 
branch defined on the closure of the triangle domain inside the triangle qiq'iQ'qi C 
Ti and this branch restricted to qiq[ is a homeomorphism onto a section of ai from 
Pi to some interior point of ai. At q^ we can do this similarly. On the other hand, 
considering that gTgi^s is simple and / is a normal rnappings, by (b) and (c), we 
can conclude that for each go contained in the interioo of 70 = Ti + r2 = 51(7293, 
there exists a disk Vq^ in S such that /^^ has a univalent branch defined on Vqg DTi 
and this branch maps 70 H Vq^ onto a section of cq. Summarizing these discussion, 
we conclude that, for sufficiently small d > 0, S satisfies the following property: 

(f) /^^ has a univalent branch gs defined on Tg with 

gs{qj) ^PjJ = 1,2,3, 

gs restricted to 70 = 919293 is a homeomorphism onto cq = ai + 012 and cs — gsils) 
is a Jordan path from pi to whose interior is contained in A. 

If S satisfies (f) and S < 1, then cq — is a Jordan curve, the domain inside 
Co — is a Jordan domain, A\A5 is a closed Jordan domair[3 and / restricted 
A\Aa is a normal mapping (note that f{d{A\As)) is polygonal). In this case, 
replacing A by A\A5, co by eg, 70 by 75 and applying the above argument once 
more, we can also prove the following property for S : 

(g) For each S E (0, 1), if 5 satisfies (f), then for sufficiently small e > 0, 6 + e 
satisfies (f) as well. 

On the other hand, it is clear that, if 6 satisfies (f), then each positive number 
6' < S satisfies (f) as well. Thus, for 

So — sup{(5 e (0, 1); S satisfies (f)}, 

we have 

(h) Each i5 e (0,(5o) satisfies (f). 

To show (5o = 1, we first show that Sq satisfies (f) if Jo < 1- 

By (e), (f) and (h), /^^ has a univalent branch gs^ defined on Tsg U 70. By 
Lemma |6.1[ gso can be extended to be a homeomorphism gs^ defined on T^^. Thus, 
jSo has a lift csg — gs„{w), w G 75^, by /, and csg is a Jordan path from pi to p^ in 

A. Let Asg = gso{Tsg), then / restricted to A^^ is a homeomorphism onto Tgg, and 
maps csg onto ■ 

Now, we show that the following hold. 

(j) If (5o < 1, then the interior of csg is contained in A. 

Assume Sq < I and let po G csq be any interior point of csg with po G dA. Then 
Po E a :— (OA) \co and f{po) is in the interior of 7^;,, and then fipo) G Ti. Thus, 
by (d), the curves F^ = f{z),z e a = (9A)\co, and Tp — f{z),z E (3 ~ cs„, are 
both convex at po (note that F^ is the path 75^). Therefore, by (c) and Lemma 
16.31 Po has a neighborhood in /3 = cg^ such that (3' <Z a = {dA) \co and /(/?') is 
straight. But then, with a continuation argument, we can prove that the whole of 
f{cso) is also straight, which contradicts the fact that 7^^ = /{csg) is not straight 
if Sq < 1. Thus, the interior of cg^ must be in A and (j) is proved. 



Note that the interior of 70 does not intersects q-mqi, and thus / has no branched point in 
the interior of 70 . 

■^■^By (f), as divides A into two Jordan domains. 
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(j) implies that 6q satisfies (f) if So < 1- Tliis, with (g), implies that if 60 < 1, 
then So + e satisfies (f) for sufficiently small e > 0. This contradicts the definition 
of So- Thus we have proved = 1- 

Now that (5o = 1, by (e)-(h), /^^ has a univalent branch gi defined on Ti U 70, 
and by Lemma |6. 11 51 can be extended to be a homeomorphism gi defined on Ti. 
Thus, (i) holds, (ii) can be proved as the proof of (j), by (i) and Lemma [6. 3[ and 
(iii) can be proved similarly. □ 

Proof of Lemma \6.4\ If m = 3, then Lemma |6 . 41 follows from (i) and (iii) of Lemma 
16.51 So we may assume m > 4. But, without loss of generality, we complete the 
proof only for the case m — A. 

We continue the proof of Lemma 16.51 Let /3i — giiqTqs). Then by Lemma 16.51 
(ii), C A, where (3° is the interior of /3i. Then Pi divides A into two Jordan 
domains. We denote by Ai the component of A\/3i that is on the left hand side of 
/3i, i.e. Ai = A\5i(lY). 

Then, by the assumption m = 4, Ai is enclosed by 

/3i + a3 + a* 

where a* is the section of dA from pm ~ Pi to pi . 

Again by (a)-(d) and Lemma 16.51 (i), /^^ has a univalent branch g2 defined 
on T2 such that g2 ■ T2 ^ .92(12) is a homeomorphism, restricted to qTqsqi is a 
homeomorphism onto f3i + 03 and 

92{qj) ^Pj,j = 1,3,4. 

Since / has no branched point in r\ 54(71 (note that m = 4), / has no branched 
point on qsQiXili}- Thus, gi and g2 must be identical on qsqi- Then gi and g2 
make up a univalent branch g of /"^, such that 5 : T = Ti U T2 — > g{T) is a 
homeomorphism with g{qTQ2q3<H) = ai + a2 + 0:3. (i) is proved. 

(ii) can be proved as the proof of (j). This completes the proof of Lemma l6.4l □ 

Remark 6.1. Lemma \6.4\ implies an interesting proposition: /et / : A — > C be an 
open mapping that is orientation preserved and is locally homeomorphism. Then, 
f is a homeomorphism, provided that the boundary curve Tf = f{z),z £ 9A, is 
locally convex. 

Here "locally convex" means that when z goes around dA anticlockwise, f{z) 
always go straight or turn left. For example, if we assume that the curve Tf is 
smooth and is locally straight, or locally on the left hand side of its tangent line, 
then Tf is locally convex. 

For later use, we only prove this in a special version for normal mappings, which 
is the following corollary. 

Corollary 6.1. Let ao be a section of dA from pi to Pm with 

(6.3) pi^p,n, 

let f : A S be a normal mapping such that the section 70 = f{z),z G ao, is a 
closed Jordan path that has the natural partition 

(6.4) 70 = 9T92 + gigi H h Qm-iqi, 

with gi = /(pi) = f{pm) and 

{g2,...,gm-i}n£; = 0. 
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Assume that for the domain T^^ C S enclosed by 70, the boundary curve T/ = 
f{z), z g 9A, is locally convex in T^g\{qi}. Then f has a branched point in T-yf\{qi}. 

Proof. Since 70 is a closed Jordan path, by (|6.4|) we havcFl m > 4. Since F/ is 
locally convex in Tryg\{qi}, 70 is a locally convex path, and then by Lemma 1 5. 41 and 
Remark 15.11 (1), for each j = 1, . . . , m — 3, Lj = gig^+i 9^+291 is a generic convex 
triangle such that the triangle domains Tj enclosed by Lj are disjoint each other 
and = ^^=iTj- 

Assume / has no branched point in T^g\{q\. Then, Lemma 16.41 applies, i.e. f~^ 
has a univalent branch g defined on T-y„ such that g restricted to 91(72 ■• • (Im-i is a 
homeomorphism onto a section of from pi to some point p'm^i G ctg, here ag 
is the interior q;o\{pi,P2} of a^. 

Let Q!o be the section of ao from to pm, then, by the assumption, it is 

clear that / maps q;q homeomorphically onto qm-iqm = qm-iqi- Since / has no 
branched point on T-y,\{qi\ and qm-i S ?7o\{9i}: after an argument of uniqueness 
of the lifting, we have g{qm-iqi) — ctQ C 9 A. Then we have 5(70) C 9A, and then 
5(70) — by Lemma l6.2l Thus / is a homeomorphism, and 70 is the whole curve 
F/, which contradicts (|6.3p . The proof is completed. □ 

In the rest of this section, let pj = e'^^ be m distinct points in dA.j = 1, . . . , m, 
with 

TO > 3 and 61 < 62 < ■ ■ ■ < 0,n < di + 27r, 
let aj be the section of dA from pj to Pj+i,j = 1, . . . ,to — 1, and let 

ao = "1 + "1 + • • • + dm-i- 

Definition 6.1. The family Tm is defined to be the family of all normal mappings 
/ : A — > S* that satisfies all the following conditions (A)-(E). 

(A) The section 70 = /(z), z e ao, of the boundary curve ^ f — f{z), z € 9A, is 
a Jordan path. 

(B) Jo has the natural partition 

(6.5) 70 = + 9293 H h qm-iqm, 

with 

(6.6) 70 n [0, +00] = {9i,9„}, 
where, qj ~ fiPj), .7 = 1: ■ ■ ■ j '^n-d qjqj+i is the section 

= f{z),z e ttj, j = 1, . . . ,TO- 1. 

(C) The boundary curve Tj = f{z),z e OA, is locally convex in S\{0,oo}. 

(D) f has no ramification point in A. 

(E) fiA)n[0,+^]^9. 

Each / e Tm will be endowed with all the notations in the definition. By (A) 
and (B) the curve 

(6.7) T = "/o + q;^ 

is a polygonal Jordan curve. Here it is permitted that qi = 9m, and in this case 

r = 70- 

Note that by (A), (B), (C) and Definition [2J1 we have 



^Note that II6.IIII makes sense iff eacfi term on ttie rigtit tiand side has spherical length < tt. 
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(F) 7o is a locally convex polygonal Jordan path that is strictly convex at 
(72, ■ • ■ , gm-i- 

Then by (B) and Lemma [531 (ii), qmqi in (|6.7p makes sense. On the other hand, 
if qi ~ Qm, then, by (A) and (|6.5[) . m > 4. Therefore, by Lemma [5.41 ffor the case 
qi = qm here) and Lemma 15.51 ffor the case qi ^ qm) the following holds true. 

(G) The closure Tr of the domain Tr enclosed by F = 70 + qmqi is contained in 
some open hemisphere of S. 

Theorem 6.1. Let f e J>„ cind denote by Tr the domain enclosed by F. Then the 
fallowings hold. 

(i) The restriction /|a : A Tr\[0, +00] is a homeomorphism. (ii) /(A) is 
contained in some open hemisphere of S . 
(Hi) For Ofg = Q;o\{pi,Pm}, 

(6.8) /(a°)n[O,+c^] = 0, 

(6.9) /((5A)K)C [0,+oo], 
and 

(6.10) L{f,ao)> L{f,{dA)\ao). 

Proof. By (A) and (B), it is clear that (|6.8p holds true. To complete the remained 
proof, it suffices to consider three cases. 
Case 1. 

(6.11) ~ qi < qm < +00. 
If qi = q„i ~ 0, then by (G) we have 

iFn [0,+c^] = {0}, 

and then by (C), (D) and CoroUarv 16 . 1 1 we have pi = p„n and then, by (A), / maps 
ao = 9 A homeomorphically onto the closed Jordan curve F = 70, and since / is 
normal we conclude that / : A — *■ Tr = 2r\[0, +00] is a homeomorphism, and other 
conclusions of Theorem l6.1l is trivially hold with ao = 9A, by (G). 

If qi ^ qm, i.e. qi — and qm G (0, +00), then by Lemma ISTBl the triangles Lj — 
qiqj+iqj-^2qi are generic convex for j = 1,2,. ..,m — 2, the domains Tj enclosed 
by Lj are disjoint each other and for the domain Tr enclosed by F = 70 + qmqi we 
have 

= Uf-^T), ^ TF, 

and 

Tr\q^ = Tr\gmO C S\{0, co}. 

Then, by (C) and (D), Lemma [63] applies, and then, /^^ has a univalent branch 
g defined on Tr such that g restricted to 70 is a homeomorphism onto ap. Let 

= 9{qmqi)- Then a* is a Jordan path in A from pm to pi and by (E) we have 
a* C 9A, and then a* = {dA)\aQ. This implies that g{dTr) = OA, and then 
/ : A — ^ Tr and / : A ^ Tr = 7r\[0, +00] are homeomorphisms, with 

/((9A) \a°) = f{a*) = m C [0, +00], 

and 

L{f, ao) = L(7o) > L{q;^) = L(/, (9A) \ao). 
Then, by (G), the proof is complete for Case 1. 



THE BEST BOUND OF THE AREA-LENGTH RATIO IN AHLFORS' THEORY 33 



Case 2. 

(6.12) c (0,+oo), 

and 

(6.13) {(72,9™-i}c^', 

where S" is the open hemisphere inside the great circle determined by [0, +00]. 
By (A), (B), (C), dug), (pl^ and Lemma [El we have 

(H) r = 7o + qmQi is a convex Jordan curve that is strictly convex at all vertices 

<?1: 92, . ■ . , Qm- 

We first assume qi = qm- Then the closed curve F = 70 = qiq2 + 9293 + • • • + 
qm-iqi is strictly convex at all its vertices gi, . . . , qm-i, and, by Lemma [5.31 fii) 

T^Mli} c s', 

where T^^ is the domain enclosed by 70. Then by (C), (D) and Corollary 16.11 
ao = ai + ai + • • • + am-i = 9A, i.e. pi = Pm- This implies that / restricted to 
9A is a homeomorphism onto 70 and then / is a homeomorphism, and the other 
conclusions are trivial in this setting. 

Now, we assume qi ^ q„i. Then F = 7o + (?m(?i has the following natural partition 

F = qTq2 + Wqz H \- qm-iqrn + q^, 

and by (H) and Lemma 15.31 (ii) , Tr C 5' U qmqi, which, with (|6.12p , implies that 

(6.14) iFn {0,00} = and iFn [0,+oo] = g^^IqT. 

Then again by (H) , the triangles Lj ~ qTqJ+Tqj+iqi are all generic convex trian- 
gles and the domains Tj enclosed by Lj are disjoint each other, and Tr — U™^^Tj. 
By (C) and (|6.14p . F/ = f{z), z E dA, is locally convex in Tr and by (D), / has no 
branched point in Tr. Thus, by Lemma 16.41 /^^ has a univalent branch g defined 
on Tr such that g maps 70 = qiq2 ■ ■ - q-m onto ao. 

Let a* — g{qmqi)- Then a* is a Jordan path in A from pm to pi. By (E), we have 
a* C 9A, and then we have a* — dA\a^ and g{dTr) = g{T) C 9A, which, with 
Lemma implies that giTr) ~ A, and then / : A ^ Tr is a homeomorphism. 

Thus / : A ^ Tr = 2r\[0, +00] is a homeomorphism 

/((9A) \ao) = g;;rgr C [0, +00], 

and, by the fact that T(7o) > L{q„iqi), we have 

Lif, ao) > L{f, a*) = L(/, (5A) \ao)- 

Then, by (G), The proof is complete for Case 2. 
Case 3. 

(6.15) C (0,+oo), 
and 

(6.16) q2eS\qm-ieS\S^. 

By (A), (B), (C), (|6.15p and (|6.16p . Lemma [SJl applv to 70, and then we have 
the following. 

(I) is contained in the domain Tr, Lj — Oq^gj+iO is a generic convex triangle 
for j — 1,...,TO — 1; and for the triangle domain Tj enclosed by Lj, 

J)n [0,+oo] = {0}, for j 2, . ..,m- 2, 
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Ti n [0, +c5o] = 0<zi, T™_i n [0, +^] = g^O. 
By (I), we can extend qiO past to some point q' E T such that the open hne 
segment q'O is contained in Tr (note that by (G) the notations q'O and q'qi = 
q'O + Oqi make sense, i.e. d{q',qi) < tt). By (G) and (I), q'qi divides Tr into two 
polygonal Jordan domains Tj* and T2 with q2 G dTi and qm-i G dT2, both T^* 
and are strictly convex at q' , is on the left hand side of q'qi and T2 is on the 
right hand side of q'qi, qi is a strictly convex vertex of of Tj* and is a strictly 
convex vertex of T2. Thus, by (F), both Tj* and Tj* are polygonal convex Jordan 
domains. 

Considering that g', qi and 52 are strictly convex vertices of Tj*, by Lemma 15.31 
we have 

(6.17) T*\W^iCiS'. 

Let 71 be the section of 70 from qi to g', p' the unique point in ag such that 
f{p') = 9': Q!o the section of ao from pi to p' and let ag be the section of uq from 

to We may assume q' G gJgJ+T° (in the case = qs or (?s+i, the proof is the 
same). Then 

dTl = 71 + q'qi = qTq2 H h QsQ' + q'qi, 

and Ti is strictly convex at qi, q2, . . . , qs, q' , and then qiq2q3qi, ■ ■ ■ ,qTq7ZTq7qi, 
qiqsq'qi are generic convex triangles that triangulate T^. Hence, by (C), (D), 
()6.17|) . Lemma [6.41 applies to T^, and then has a univalent branch gi defined 
on Tj* such that gi restricted to 71 is a homeomorphism onto with 

9i{qi) = Pi and gi{q') = p' . 

For the same reason, /^^ has a univalent branch 52 defined on T2 such that g2 
restricted to 72 = q'qs+i + • • • + qm-iqm is a homeomorphism onto ag with 

32 (gm) = Pm and 32(9') = p'- 

Considering that / has no branched point in S and gi{q') = 32(9')- We have 

(6.18) gi{w)^q2{w),w£^, 
and we denote by a = 5i(9'0) — g2{q'Q)- By (E) we have 

5i(0)=.92(0)eaA, 

and thus, the initial and terminal points of a, the points p' and 51 (0) = 52(0), are 
contained in i9A. 

Then we can glue gi and g2 along q'Q to be a multivalent function G such that 
G restricted to rr\ (Ogi n Og„i) is a homeomorphism and restricted to T* is the 
homeomorphism gj, j — 1,2. Then, it is clear that the interior of a = gi{q'0) — 
g2{q'Q) is contained in A, and thus a divides A into two Jordan domains Ai and 
A2, and we assume Ai is on the left hand side of a. 

Let a' — g2{qnfi) and a" — gi{Qqi). Then by (E), a' is a section of 9A from 
Pm to 32(0) and a" is a section of 9 A from gi[Q) = 32(0) to pi, since gi{qi) — pi 
and g2{qm) = Pm- Thus, we can conclude that / maps ag, a', a" homeomorphically 
onto 7o, (7mO, 0(7i, respectively, and 

9A = ag + a' + a" with ctg n {a' + a") = 0. 

This implies that / maps A homeomorphically onto TY\Qqi — Tr\Oqm, since / is 
normal. 



THE BEST BOUND OF THE AREA-LENGTH RATIO IN AHLFORS' THEORY 35 

On the other hand, it is clear that ^(71) > L{Oqi) and ^(72) > L{qmO). Thus, 
we have 

L(/,ao) = L{f{ao))^L{^o)^L{^i)+L{l2)> MO^,) + L(^) 
= L{f,a" + a') = L{f,{dl\)\ao). 
By (G), /(A) C Tr is contained in some open hemisphere of 5* and it is clear that 

/((aA)\a°) =^UO^C [0,+(X3]. 
This completes the proof for Case 3, and we have finally proved Theorem 16. II □ 

7. Cutting Riemann surfaces along [0, +00] 

In this section we prove the following theorem, which is the second key step 
to prove the main theorem in Section [TJ] and is also used to prove Theorem 113.11 
Recall that we denote by [0, +00] the line segment in S from to 00 that passes 
through 1. 

Theorem 7.1. Let f : A ^ S be a normal mapping and assume that the followings 
hold. 

(a) Each natural edge of the boundary curve Tf =^ f{z),z G 9A, has length 
strictly less than tt. 

(b) Tf ^ f{z),z € 9A, is locally convex S\E, E = {0, 1, 00}. 

(c) f has no branched point in S\E. 

(d) Fj^ n [0, +00] contains at most finitely many points. 

Then, in the case A H f~^ ([0, +00]) = 0, /(A) is contained in some open hemi- 
sphere of S, / : A — !■ /(A) is a homeomorphism and 

{^A)f^f-\[Q,+^]) 

contains at most one point; and in the case A n f-'^ ([0, +00]) ^ 0, the following 
(i)-(v) hold: 

(i) Each component of f^^ ([0, +oo])nA is a Jordan path with distinct endpoints 
contained in dA and divides A into two Jordan domains. 

(ii) Any pair of two distinct components of /~^([0, +00]) H A have at most one 
common endpoint. 

(Hi) For each component D of A\f^^ ([0, +00]) , D is a Jordan domain and f 
restrict to D is a homeomorphism. 

(iv) For each component D of A\f^^ ([0, +00]) , {dD) n [dA] is consisted of a 
connected open subset ao and a number of finite points such that 

f{ao) n [0,+oo] = and f{dD\ao) C [0,+oo], 

and f restricted to ao is a homeomorphism. 

(v) For ao in (iv), if ao ^ 0, then f{D) is contained in some hemisphere of S 
and 

L{f{ao))> L{f,dD\ao), 

that is 

L{f,dDn{dA))> L{f, {dD)\{dA)). 



25See Definition [231 
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This theorem has very simple geometrical explanation: when we cut the Riemann 
surface of / along [0, +00] in the case 

Anri([o,+oo])^0, 

we obtain a finite number of pieces, each of which is either the whole sphere S with 
folded boundary [0, +00], or is contained in some open hemisphere of S such that 
the length of the boundary located in 5\[0, +00], which is a part of the original 
boundary of the Riemann surface of /, is larger than the length of the boundary 
located in [0, +00], which is a part of the the new boundary, the cut edges. 

This geometrical understand of the mapping in the theorem plays an important 
role in this paper. We first prove the following lemma. 

Lemma 7.1. Let g : A ^ S be a normal mapping that satisfies (a)-(c) of the 
previous theorem and 

(7.1) g(A)c5\[0,+oo]. 
Then, 

(i) g restricted to A is a homeomorphism onto g{A). 

(a) dA has an open connected subset cxq o/9A, such that 

g{ao) n [0, +00] ^ and g{dA\ao) C [0, +00]. 

(Hi) If in (a) ao 7^ 0, then g restricted to ao is a homeomorphism onto the curve 
g(ao) in S and L{g{ao)) > L{g,dA\aQ). 

(iv) If in (ii), ao ^ 0, then g{A) is contained in some open hemisphere of S. 

Proof. By condition (c) and (|7.ip we have 

(e) g has no ramification point in A. 
Let p be any point in dA such that 

/(p) = le(0,+(X3)c5. 

If Tg = g{z), z € dA, is not convex at p, then, since / is normal, there is an open 
interval / C (0, +00) whose one endpoint is 1 such that / C g{A), which contradicts 
(|7.ip . Thus, Tg is convex aQ 1, and then by (b), we have 

(f) Tg is locally convex in S'\{0,cx)}. 

If g{dA) n [0, +00] — 0, then by (f ) Tg is locally convex everywhere, which implies 
that Tg is locally simple by the definition, and then by CoroUarv 16.11 and (e), Tg is 
a simple curve and then g is a homeomorphism from A onto g{A). On the other 
hand, in this case, by (a), (f) and Definition 12.51 Tg is a locally convex curve and 
has at least three natural vertices, at each of which Tg is strictly convex. Thus, 
by Lemma 15.41 (ii) , the closure of the domain Tp^ enclosed by Tg is contained 
in some open hemisphere of S, and thus, g{A) C Jr is contained in some open 
hemisphere of S. Hence, putting ao = dA, (i)-(iv) hold. 

Consider the case g{dA) C [0, +00]. Then g{dA) must be a closed interval in 
[0, +00]. If g{dA) [0, +00], then by the fact that g is normal, g{A) contains 
or 00, but this contradicts the assumption. Thus, g{dA) = [0,+oo], and then 
by (|7.ip . g restricted to A is a covering onto S'\[0, +cxd], which, together with (c). 



"^^This means that Tg = g{z), z £ dA, is convex at each point p S (dA) Dg ^ (1), by Definition 
1231 
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implies that g restricted to A is a homeomorphism, and putting ao = 0, we have 
(ii). Then, in the case 

3(9A) n [0, +00] = or g(aA) C [0, +c3o], 

the lemma is proved. 

Now, we assume that 5(9A) n [0, +00] ^ and g(aA)\[0, +00] ^ 0. 
Then by (a), Tg has a section 

(7.2) 7o = 9Tg2+9^H h qm-igm^m > 3, 

such that each q2, . . . , qm-i sue natural vertices of Fg, the edges 9293, . . • , q-m-iqm-i 
are natural edges of Fg, 

(7.3) [{92, . . . , U u;r/g^g^] n [0, +c^] = 
and 

(7.4) {qi,qni} C [0, +00] but 7o\{gi,9m} C S'\[0,+oo]. 

By (f) and (|7.2p - (|7.4p . 70 is locally simple, i.e. q^q^+i n qj+iqj+2 — {qj+i} for 
j = 1, . . . , m — 2. Then, by (|7.2p - (j7.4p . in the case that 70 is not simple, there exist 
integers s and t with l<,s<s + l<<<m— 1 and a point 

9s G [qsqs+i nqtqt+i)\{qi,q,n} 

such that 

r' = q'sqs+i + qs+iqs+2 ^ — + qt-m + qtg's 

is a section of 70 that is a simple path from q'^ to g^, and 

F'n [0,+oo] = 0. 

Therefore, by (f) and Definition 12. 9( F' is a locally convex Jordan patl0 that is 
strictly convex at qs+i,qs+2, ■ ■ ■ ,qt, and then, by (a), F' has at least three strictly 
convex vertices. Therefore, by Lemma 15.41 (ii). F' is contained in some open hemi- 
sphere, which implies that [0, +00] fl Tp' = 0, where Ty' is the domain inside F', 
and then by (f), Vg = g{z), z £ 9A, is locally convex in Tv- Then, g and F' satisfies 
the assumption of Corollary 16.11 and then g has a branched point in Tr' , which 
contradicts (e). Thus we have proved 
(g) 7o is a Jordan path. 

Then 9A has an open section ao such that g restricted to is a homeomor- 
phism onto 7g. Then, by (e), (f), (g), (fTTI) . (fT^ and (fTi)) . we have g e Tm, and 
Theorem 16 . 1 1 applies . Then g restricted to A is a homeomorphism onto the domain 
Tr\[0, -|-oo] C S, where Tr is the domain enclosed by F = 70 + 

g((9A)\ao)c [0,+(»], 

L(5,ao) > L(5,(aA)\ao), 

and 5(A) is contained in some open hemisphere of S. Thus, (i)~(v) hold, and the 
proof is complete. □ 



This does not mean that as a closed curve V" is convex at q^, by the definition of locally 
convex path and locally convex closed curves. 
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Proof of Theorem \7.1\ We first assume 

(7.5) Anri([O,+oo])=0. 

Then Lemma [7.11 applies, and then / : A — > /(A) is a homeomorphism, /(A) is 
contained in some open hemisphere of S and there exists a connected open subset 
ttQ C dA such that 

(7.6) /(ao) n [0, +oo] = 0, 

(7.7) /((9A)\ao)c [0,+oo], 

and / restricted to ao is also a homeomorphism onto some curve in S. Then, 
(dA) \ao is also a connected section of dA, and / restricted to A U ao is also a 
homeomorphism. 
By (d) and (TTfl) . 

/((aA)\ao) c/(9A)n[0,+(X3] 
is a finite set. Then, since (dA) \aQ is connected, f{{dA) \ao) is a singleton, or is 
empty, which implies that (OA) \ao is a singleton, or is empty, which, with (j7.6p 
and the above argument, implies that (dA) n /~^([0, +oo]) contains at most one 
point and / : A — > /(A) is a homeomorphism. The theorem is proved under the 
assumption (j7.5p . 
Now, we assume 

/(A)n[O,+oo]^0. 

Then by (c) and (d) and the assumption that / is normal, each component of 
f~^{[Q, +oo])nA is a simple path in A whose endpoints are distinct and contained in 
dA, i.e. (i) holds true, and /~^([0, +oo])nA has only a finite number of components. 
This implies that A\/^^([0, +oo]) has a finite number of components, each of which 
is a Jordan domain. 

(ii) follows from Lemma 13.51 

Let D be any component of A\/~-'^([0, +oo]). Then by (i), D is a Jordan domain. 
Let g be the restricted mapping g = fljj. Then 5 is a normal mapping and each 
natural edge of = g{z), z G dD, is either a natural edge oiV f — f{z), z e OA, or 
a section of some natural edge of F/, or an interval contained in 0, 1 or 1, 00. Thus 
(a) is satisfied by g. By (b) and (c), g also satisfies (b) and (c), and it is clear that 

g(i:») n [0, +00] =0. 

Thus g satisfies all the assumption of Lemma [7.1[ by ignoring a coordinate transform 
that maps D homeomorphically onto A. Thus, Lemma 17.11 applies to g and (iii) 
follows. By Lemma m] dD has a connected open subset ao of dD, such that (|7.6|) 
and jLll) stiU hold. 

It is clear, by dZH) and ^1^, that 

ao^{dD)\f-^{[0,+^]), 

and, by (i) and (ii), that 

(aLi)n Ac /-i([0,+c5o]. 

Then, we have 

ao^{{dD)\A)\f-\[0,+^]), 
and, considering that {dD)\A — {dD) n (9A), we have 

ao^[{dD)n{dA)]\f-\[0,+^]). 
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Then, considering that, by (d), (9A)n/^^([0, +cxd]) is a finite set, we conclude that 
(dD) n (9A)\ao is a finite set, and thus ao is the interior of {dD) D (9A) in dA. 
Therefore, by (|7.6p and (|7.7p . we have (iv). 

(v) foUows from (iv) and Lemma l7.ll This completes the proof. □ 

In the above two proofs, we have also proved that: 

Corollary 7.1. Let / : A — > S* &e a normal mapping that satisfies all assump- 
tions of Theorem \7.1\ and let Ai be any component o/ A\/~^([0, +cxi]). Then the 
restriction g ~ j\~ satisfies all the assumptions of Lemma \7.1\ and, furthermore, 
if g{dAi) C [0, +00], then g{dAi) — [0, +00] and g restricted to Ai is a homeo- 
morphism onto S'\[0, +00]. 
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The condition (d) in Theorem 17.11 may be removed by the following lemma. 

Lemma 7.2. Let f : A S be a normal mapping satisfying the conditions (a)-(c) 
of Theorem \ 7. 1\ 

Then for any e > 0, there exists a normal mapping g : A S such that 
A{g, A) > A{f, A), L{g, dA) < L{f, dA) + e, 
and g satisfies all conditions (a) -(d) of Theorem \ 7. 1\ 

Proof. This can be proved by perturb the natural edges of / lying on [0, +oo] 
slightly. 

Let Fi be any natural edge of such that Fi n [0, +C!o] contains more that one 
point. Then since Fi is a natural edge, it is either contained in the interval [0, 1] 
in S, or in the interval [1, oo]. Without loss of generality we assume Fi C [0, 1] and 
the orientation of Fi is the same as 0, 1. Then there are four cases: 

(i) Fi = 

(ii) Fi = 0,<o for some to £ (0, 1). 

(iii) Fi = to,ti for some to,ti e (0, 1). 

(iv) Fi = to,l for some to £ (0, 1). 

In these cases, we can extend the Riemann surface of / by patching a closed 
triangle domain along Fi so that the vertex p[ is very close the middle point of Fi 
and is on the right hand side of Fi. By Lemma |3.2[ the new Riemann surface can 
be realized by a normal mapping /i : A S*. It is clear that when p'l is sufficiently 
close to ^ in case (i), or ^ in case (ii), or in case (iii), or ^^^^ in case (iv), /i 

satisfies (a)-(c) of the lemma and 

|L(/i,9A) -L(/,9A)| < ^,A{f,,A) > A(/,A), 

while the number of natural edges that lie on [0, +oo\ is dropped by one. 

Then repeating the above argument for fi , and so on, and finally we can obtain 
the desired mapping. □ 

8. Deformation of edges of normal mappings with length larger 

THAN TT 

In this section we will prove the following theorem, which is prepared for proving 
Theorem 110.11 and Theorem 111.11 

Theorem 8.1. Let f : A ^ S be a normal mapping whose boundary curve F/ = 
f{z), z e 9A, has the natural partition 

r/=Fi+F2 + --- + F„,n = !/(/), 

that satisfies one of the following conditions (a)-(d). 

(a) TT < L(Ti) < 2n, L(Tj) < tt for all j > 2, and Fi has an endpoint contained 
in E = {0, 1, oo}. 

(b) TT < L{Ti) < 27r, L{Tj) < tt for all j > 2, and Fi has no endpoint contained 
in E. 

(c) TT < L{Ti) < 2tt and tt < L{Tjg) < 2tt for some jo > 2, L{Tj) < tt for each 
j 7^ I7J0; Ti has an endpoint contained in E, and so does Tj^. 

(d) 2tt < L(Fi) < Stt, while L{Tj) < tt for all j > 2. 
Then, there exists a normal mapping g : A S such that 
(i) L{g, dA) < L{f, dA) and A{g, A) > A{f, A) 
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(ii) Each natural edge of g has spherical length strictly less than tt, 
(ill) In case (a), VNE{g) < VNEif), VEig) > VeU) + 1, and V{g) < V{f) + 1; 
In case (h), Vne{9) < VNEif). Vsig) > VEif) + 1, and V{g) < V{f) + 2; 
In case (c), Vne{9) < VNEif), Vsig) > VEif) + 2, and Vig) < Vif) + 2; 
In case (d), VNEig) = VNEif) + 2, Vsig) - + 1, and Vig) - Vif) + 3. 

The proof is divided into four parts: Lemmas 18. 3H8. 61 

Lemma 8.1. Let T be a line segment in S with endpoints qi and q2 and n < £(r) < 
27r, and let qq be any point in S\T. Then 

(8.1) diqo,qi) < TT,diqQ,q2) < TT, 
and 

LiqTqo) + Liq^) < L(r). 

By the first two inequahties, Tjiqo and qoq2 make sense, which is the shortest 
paths. 

Proof. Since LiT) > tt, the antipodal points of qi and q2 are both contained in F, 
and thus, neither gi, nor q2, can be an antipodal point of qo G S\T. This implies 

m- 

Let q[ be the antipodal point of qi in S. Then q'l E F. Let T'l be the section of 
F from qi to q'l and let F" be the section of F from q[ to (?2 . Then it is clear that 
qiqa + q^q'i is a straight path in S from qi to g']^. Thus we have 

L(F) = L(r;)+L(r^) = 7r + L(r'/) 

= LiqTq^ + qnq[) + i(r") 

= i(grw) + i(ft^ + r'/) 

> LiqTq^) + Liq^), 
and equality holds if and only if qi and 52 are a pair of antipodal points of S. □ 

Lemma 8.2. Let f : A ^ S be a normal mapping and assume that Tf has a 
natural partition 

(8.2) r/=ri+r2 + --- + F„,n = !/(/), 

such that LiTi) > tt and the initial point o/Fi is in E. Then, there exists a normal 
mapping /i : A — > 5 such that 

L(/i,9A) < L(/,aA), A(/i, A) > A(/,A), 

and the boundary curve F has a permitted partition 

(8.3) F^, =f; + f'/ + F2 + --- + f„, 

such that the end point ofT'^, which is also the initial point ofT'(, is contained in 
E, and 

i(F'i) <7r,L(F'/) <^. 

See definitions in Section [5] for the terms natural partition and permitted parti- 
tion. Since (|8.2p is a natural partition and the initial point of Fi is in E, it is clear 
by (|8.3p that the initial point of which is the terminal point of F„, is still the 
initial point of Fi , and then F3 , . . . , F„ are still natural edges of F . Then the two 
endpoints of F'^ are both in E, and so F'^ is a natual edge. But F2 may not be a 
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natural edge of T f-^ and r2 is a natural edge if and only if T'l is. In the case r2 is 
not a natural edge of F/^ , F" + F2 must be a natural edge. 

Proof. Let qi and q2 be the initial and terminal point of Fi, respectively. Then, Fi 
contains the antipodal point q'l of qi. Let C be the great circle determinecF^ by Fi 
and let S" be the open hemisphere outsideF^ C. 

There are only two cases (note that we assumed qi £ E in the lemma): 
Case 1. qi e E, q[ ^ E. 
Case 2. qi e E, q[ £ E. 

Assume the first case occurs. Then we must have qi — 1 and q'l = —1. Then 
C must separate and 00. Without loss of generality, we assume S 5". Let 
r'j^ = (7iO = 1, 0, which is the shortest path in S from qi — \ioQ and let F" = 0(72- 
Then the curve F'j^ + F" is a simple path from qi = 1 to 52 and F'j^ + F" — Fi is a 
Jordan curve that encloses a domain T in S' such that T is on the right hand side 
of Fi, 

Tn£; = 0, 

and by Lemma |8. 11 

i(F'/) < TT and L(F'i) + L{T'{) < L(Fi). 

Let 

dA = ai + ■ ■ ■ + Un 

be a natural partition of i9A for F / , corresponding^ to ()8.2p , let F be a Jordan 
domain outside A with (dV) n dA — ai, and let 5 be a homeomorphism from V 
onto T such that 

f\ai 9\ai ■ 

Then, by Lemma 13.21 

/(z),ze A,_ 
g{z),zeV\A, 

is a normal mapping defined on the closure of the Jordan domain Z? = A U U V, 
where is the interior of ai. Then the boundary curve F^j^ of gi has the permitted 
partition 

(8.4) Tg, = T[ + F'/ + F2 + • • • + F„ 

and A{gi,D) = A{f, A) + A{T). Then we have 

L{gi,dD) < L{f, dA) and A{gi,D) > A{f, A). 

Let h be any homeomorphism from D onto A. Then fi = gi ° satisfies all 
the desired conditions in (ii). 

Assume Case 2 occur. Then qi and q'l must be the pair {0, 00}, q[ = (72, and 
there is no point in E located in the interior of Fi, for Fi is a natural edge of /. 
Without loss of generality, we assume that qi = and q2 — q[ = 00. Let L be the 
straight path from to cx3 that passes through 1. Then, the domain T enclosed by 
Fi and L that is on the right hand side of Fi does not contains point in E and 



51 = 



^^Recall that this means that C contains Fi and is oriented by C. 
"^^Recall that this means S" is on the right hand side of C. 
30See Definition [23] and Remark O (2). 
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{TiUTjnE = {0, oo}. Let r[ be the section of L from to 1 and T'{ be the section 
of L from 1 to oo. Then 

L(r') = |,i(r'/) = f, 

and repeating the process in Case 1, we can obtain a desired /i satisfies all the 
conditions. □ 

Lemma 8.3. Let f : A ^ S be a normal mapping, and let 

(8.5) Tf = Ti + --- + Tr,,n = V{f), 

be the natural partition of T f — f(z),z G 9A. Assume that 

(a) At least one endpoint of Fi is contained in E. 

(b) TT < L{Ti) < 27r, but L{rj) < tt, j = 2, . . . , n. 

Then, there exists a normal mapping g : A ~^ S such that 

(i) L{g, dA) < L{f, OA) and A{g, A) > A{f, A) 

(ii) Each natural edge of g has spherical length strictly less than tt, 
(tit) VNEig) < VneH) and Vsig) > + 1. 

H Vig) < V{f) + 1. 

Proof. Without loss of generality, we assume the initial point qi of Fi is in E. Then 
by Lemma [8?2l there exists a normal mapping /i : A ^ S* such that 

(8.6) L(/i, dA) < L{f, 5A), A(/i, A) > A{f, A), 
and the boundary curve F/^ has a permitted partition 

(8.7) F/, =r; + r'/ + r2 + --- + F„ 

such that 

(8.8) i(F;) = |,L(F'/)<^, 

the end point of T'l, which is also the initial point of F", is contained in E. It is 
clear that the initial points of T'l and Fi are the same point and so is in _E, for they 
are both the terminal point of F„, by (|8.5p and (|8.7p . and thus, F'^ is a natural edge 
of Fjj whose two endpoints are in E, the terminal point of F" is a natural vertex 
of Fj, which may not be a natural vertex of F/j^. On the other hand, by (|8.5p and 
(|8.7p . the terminal points of F2, . . . ,F„ are still natural vertices of Fy^. Then we 
have 

(8.9) VneHi) < VNEif), VeUi) = Vsif) + 1, V{fi) < Vif) + 1. 

Case 1. If the terminal point of Fi is also in E, then both T'l and F" have initial 
and terminal points in E, and then they are natural edges of /i and then (j8.7p is a 
natural partition; therefore, by (|8.6p - (|8.9p and (b), g = fi is the desired mapping. 
Case 2. Now assume that the terminal point of Fi is not in E. 

If F" is still a natural edge, then (|8.7p is still a natural partition, and g = fi is 
the desired mapping by (b) and (|8.9p . 

Assume F" is not a natural edge. Then F" + F2 will be a natural edge, and then 
F has the natural partition 

(8.10) Tf, = (T'l + F2) + F3 + • • • + F„ + F'l, 

the initial point of F2 , which is also the terminal point of F" is now in the interior 
of the the natural edge (F" + F2) and then we have by (|8.10p 

(8.11) VneUi) = VNEif) - 1, Vsifi) = Vsif) + 1, V{fi) = V{f). 
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On the other hand, by (b) and ()8.8p we have 

(8.12) L(r'/ + r2) < 27r. 

If L{r'l + r2) < TT, then g — fi is the desired mapping. 

If L(r" + r2) > TT, then /i satisfies all the assumption of the lemma with natural 
partition (|8.10p . and the above argument applies to /i. By (|8.10p - (|8.12p . if we 
repeat the above argument once, and if we do not arrive at the desired mapping, 
then Vne{') drops by one, Ve(-) increases by one and V{-) keep invariant. But 
VNEi') > in any case, and so we can reach the desired mapping by repeating the 
above argument finitely many times. This completes the proof. □ 

Lemma 8.4. Let f : A S be a normal mapping, and let 

T/ = ri + r2 + --- + r„,n = T/(/), 

be a natural partition ofTf= f{z), z £ dA. Assume that for some positive integer 
ko with 1 < < n the followings hold. 

(a) Ti has an endpoint contained in E, and so does Ffc^. 

(b) TT < L{Ti) < 27r,7r < L(Vko) < Stt, but L{Tj) < 7r,jV 1,^0- 
Then, there exists a normal mapping g : A S such that 

(i) L{g, dA) < L{f, OA) and A{g, A) > A(/, A) 

(ii) Each natural edge of g has spherical length strictly less than tt, 
(tn) VNEig) < VNEif) and VEig) > VEif) + 2. 

H Vig) < V{f) + 2. 

Proof. Without loss of generality, we assume that the initial point qi of Fi is in E. 
By Lemma [H21 there exists a normal mapping /i : A — > 5 such that 

(8.13) 9A) < L(/, dA) and A(/i, A) > A{f, A), 
and the boundary curve F has a permitted partition 

(8.14) F/, =F'i+F'/ + F2 + --- + F„ 
such that 

(8.15) L(F;) = |,L(F'/)<^, 

and the end point of T'^, which is also the initial point of F", is contained in E. 
Then, T'^ is a natural edge of F/^ , because its endpoints are both in E. 

If F" is a natural edge of /i, then (|8.14p is a natural partition and by (a), (b), 
(|8.14p and (j8.15|) , /i satisfies all assumptions of Lemma 18.31 with 

VNEifl) = VNE{f).VE{fl) = VEif) + 1, Vif,) - Vif) + 1, 

and then, by (|8.13p . we can apply Lemma [8.31 to deform /i to be another normal 
mapping g satisfying (i)-(iv) with 

VNEig) <VNEifl) = VNEif), 
VEig)>VEifl) + l = VEif) + 2, 

Vig)<Vifi) + l = Vif) + 2. 

Now, assume that 

(c) F" is not a natural edge of F/^ . 

We complete the proof by induction on ko >2. We first assume ko = 2. 
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Then by the assumption (c), r" + r2 must be a natural edge, Tf-^ has the natural 
partition 

(8.16) rf,= r'l + {T'l + Ta) + r3 + • • • + r„, 

with 

(8.17) VneUi) = VNEif) - 1, Ve(/i) = Vsif) + 1, V{fi) = V{f), 

and the initial point of r2 is not contained in for, otherwise, T'( has two endpoints 
in i?, which implies that F" is a natural edge. Therefore, by (a), the initial and 
terminal points of the natural edge F" + F2 of F are both contained in E. 

By the definition, each natural edge of a closed polygonal curve with initial and 
terminal points in E is simple and has length ^, tt, or 27r. Then by (b) and the fact 
that L(F'/ + F2) > L(F2) > tt we have 

L(F'/ + F2) = 27r. 

Note that we are in the situation that F" + F2 is a natural edge of F and a natural 
edge never contains any point of E in its interior, and then we conclude that 

C - T'l + F2 

is a great circle passing through 1 with COE = {1} (so, 1 is the initial and terminal 
point of C) . 

Then C separates and 00, without loss of generality we assume is on the right 
hand side of C. Let 

dA = ai + a2 + ■ ■ ■ + an 

be a natural partition of i9A corresponding to (I8.16P (see Definition 12. 3p . Then 
F" + F2 is the section of F restricted to a2 ■ Let F be a bounded Jordan domain 
in C that is outside A with (9A) n (dV) — a2, let pi and p2 be the initial and 
terminal points of 02 , respectively, and let T be the hemisphere on the right hand 
side of C with the path 0, 1 being removed. Then, there exists a continuous mapping 
T from V onto T such that rjaj = /i |a2 7 restricted to 02 U is a homeomorphism 
onto (T'l + F2) U r with r(a2) = T'( + F2, and r restricted to (dV) \a2 = (dV) \A 
is a folded 2 to 1 mapping onto 0, 1. Then by Lemma [321 the mapping 

f* ^ i fi{z),z e _A^ 
^ \ T(2),2ey\A, 

is a normal mapping defined on the closure of the Jordan domain 

A* = AUV^Ua2\{pi,P2}, 

with 

^(r,A*)-A(/i,A) + A(r), 

and 

L(r,9A*) = L(/i,((9A)\a2)) + L(/,(ay)\a2) 

= L(/i, 5A) - L(/i, a2) + L{f, [dV) \a2) 
= L(/i,9A)-i(F'/ + F2)+i(T;0)+L(0;T) 

= L(/i,aA)-2^ + | + | 

< i(/i,aA), 
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and the boundary curve F/* has a natural partition 

T/* =r'i + r^ + r^' + r3 + --- + r„, 

and we have = Ve(/i) + 1 and V{f*) = V{fi) + 1, and then by (ISJTll we 

have 

VeU*) > VEif) + 2, ViD < V{f) + 2. 

Considering that V{f*) = Ve(/*) + VneH*) and regarding A* as a disk, we 
obtained the desired mapping g — f* that satisfies (i)-(iv). The proof is complete 
for the case fco = 2 under the assumption (c). 

Then we have in fact prove the lemma in the case ko — 2. 

Now, assume that for some positive integer m with 2 < m < n = V{f), Lemma 
18.41 holds true for all fcp with 2 < fcp < m. We prove that Lemma [HH] holds true for 

fcg = TO + 1 . 

To prove the lemma for fco = to + 1, it is suffices to prove the lemma under the 
assumption (c). 

By the assumption (c), F" + r2 is still a natural edge of Tf^ and since ko = 
TO + 1 > 3 we have, by (b) and (I8.15p . that 

i(r'i' + Fa) < 27r, 

the initial point of T'( + T2 is in E, and ((STZ)) stiU holds. 

If L{T'( + < TT, then /i also satisfies all assumptions of Lemma [8.31 and by 
(|8.17p we can again deform /i to be another normal mapping g such that (i)-(iv) 
hold. 

If 

TT < L{r'l + Fa) < 27r, 

then, considering that by (I8.14p F/^ also has the following natural partition 

Tf, = (F'/ + F2) + F3 + --- + F„ + F'i, 

/i satisfies all the assumption of Lemma 18.41 with fco = to. Then by the induction 
hypothesis, the proof is complete. □ 

Lemma 8.5. Let f : A ^ S be a normal mapping and let 

F/ = Fi + ... + r„,7i = F(/), 

be a natural partition ofTj — f{z), z G 9A. Assume that the following hold. 

(a) TT < i(Fi) < 27r hut L{Tj) < tt for all j ^2,..., n. 

(b) The two endpoints o/Fi are outside E. 

Then, there exists a normal mapping g : A S such that 

(i) L{g, OA) < L{f, dA) and A{g, A) > A{f, A) 

(ii) Each natural edge of g has spherical length strictly less than tt, 
(til) VNE{g) < VNEif) and Vsig) > Ve(/) + 1. 

H Vig) < V{f) + 2. 

Proof. Let C be the great circle determined by Fi. Then there are two cases: 
Case 1. CC^E^%. 
Case 2. CC^E^%. 

Assume Case 1 occurs. Then by (a), C contains only one point po in E and this 
point must be 1. Otherwise, C contains the antipodal points and 00, and either 
or 00 is in the interior of Fi by (a) and (b), which contradicts the assumption that 
Fi is a natural edge. Then C must separates and 00, without loss of generality. 
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assume is on the right hand side of C. Let qj be the initial point of Fj , j = 1 , . . . , n. 
Then qj+i is the endpoint of Fj, j = 1, . . . , n, where qn+i = qi- Let 

(8.18) F'l = ^ and T'( = 0^. 
Then, by Lemma T'^ and F" make sense and 

(8.19) LiT[) < TT, L(F'/) < TT and L(T[) + L(F'/) < L(Fi), 

and r'l + T'l — Fi encloses a domain T that is on the right hand side of C and 

(Fiur)n£; = 0. 

By Lemma 13. 2| ignoring a coordinate transform, there exists a normal mapping 
gi : A S , which will be regarded as an extension of /, such that F^^ has the 
permitted partition 

Tg, = F'l + F'/ + F2 + • • • + F„ 

and 

(8.20) L{g^,dA) < L(/, dA),A{g^,A) > A{f, A). 
It is clear that we have 

(8.21) Vne{9i) < VNEif), VEigi) = Vsif) + 1, V{g,) < Vif) + 1, 
and we can rewrite the permitted partition of Fg^ as 

Tg, = F„ + F'l + F'/ + F2 + • • • + F„_i. 

Then there are three cases: 
Case 1.1. Both T[ and F" are natural edges of F^j^. 
Case 1.2. One of r[ and F" is a natural edge, while the other is not. 
Case 1.3. Neither T'l nor F" is a natural edge. 

In Case 1.1, it is clear that g — gi satisfies all the desired conclusions with 

(8.22) VNE{gi) = VneU), VE{gi) = VeU) + l.V(gi) = V{f) + 1. 

Assume Case 1.2 occurs. Without loss of generality, assume that F" is a natural 
edge. Then F^j^ has the natural partition 

Tg, = (F„ + F'l) + F'l' + F2 + • • • + F„_i 

where (F„ + T\) is a natural edge, and (|8.2ip becomes 

(8.23) VNE{gi) = VmeU) - 1, VE{gi) = VeU) + 1 and V{gi) = V{f). 

Then, in the case _L(F„ + F']^) < tt, by (a) and (|8.19p . g — gi satisfies (i)-(iv) with 
(E^; and in the case L(F„ + Fi) > tt, by (a), ((8T8ll and ((8l^ . tt < L(F„ + F'i) < 
27r and gi satisfies the assumption of Lemma [8731 with (j8.23p . and then, by (j8.20p . 
there exists a normal mapping g : A S that satisfies (i) and (ii), and 

Vne{9) < Vne{9i), VE{g) > VE{gi) + 1 and V{g) < Vigi) + 1, 
and so by (|8.23p . (iii) and (iv) are satisfied by g with 

(8.24) VNEig) < VneU) - 1, VEig) > VeU) + 2 and Vig) < Vif) + 1. 

Assume Case 1.3 occurs. Then both F„ + T[ and F" + F2 are natural edges of 
gi, Fgj has the natural partition 

Tg, = (F„ + r[) + (T'l + F2) + F3 + • • • + F„_i 

and (|8.2ip becomes 

(8.25) VNEigi) = VneU) - 2, VEigi) = VE{f) + 1, Vigi) = V{f) - 1. 
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By (a) and (|8.19|) we have 

(8.26) L(r„ + r[) < 27r and L(r'( + Ta) < 2n. 
Then, by (a), in the case 

(8.27) L(r„ + r'l) < TT and L(r'/ + Ta) < tt, 

g = gi is the desired mapping satisfying (i)-(iv) with (|8.25p : and in the case that 
(|07l) fails, by (a), ((8T8| and ([8?26| . Lemma [Q or Lemma [Qapphes. and then 
there exists a normal mapping g satisfies (i), (ii) and 

VNEig) < VNEigi),VE{g) > VEigi) + 1, Vig) < V{g,) + 2, 

which, with (j8.25ll . implies 

VNEig) < VNEif), Vsig) > Vsif) + 1, V{g) < V{f) + 1, 

i.e. (iii) and (iv) hold. This completes the proof in Case 1.3. 

Now, assume Case 2 occurs. Then the hemisphere S' outside C contains one or 
two points of E. If S' contains only one point of E, the proof is exactly the same 
as the above arguments. So, we assume that S' contains two points qo and q'q of E. 
Then either {qo, q'^^} = {0, 1} or {1, oo}, and then there are two cases: 
Case 2.1. The great circle of S containing qo and intersects C\ri . 
Case 2.2. The great circle containing qo and q'o does not intersects C\ri. 

In Case 2.1, the argument for Case 1 exactly applies. 

In Case 2.2, it is easy to show that the exists two points ri and r[ on Fi such 
that ri close to qi and r[ close to 52 (in Fi), and ri, go, 9oi ^'1 or ''i, ^o, 9o, f'l are in 
order on the geodesic path from ri to r[ in S", (then ri and r[ are antipodal). We 
assume ri,qo,q'o, '^'i ordered in the orientation of the geodesic path from ri to r'-^ 
in S' . It is clear that the notations 

r'l = gTgo, 7 = 9o9o, r" = q'oq2- 

make sense. Then 

(8.28) L(r'i) < ^, L{T'i) < TT, L(7) = |, 
and it is also clear that 

(8.29) L{T[) + L(7) + LiT'l) = L{T[) + | + L{T'{) < L{T,) < 2n, 

and F'l + 7 + F'/ - Fi encloses a Jordan domain T in S' with (Fi U T) n = 0. 

By Lemma [3.21 there exists a normal mapping gi, such that Fg^ has the permitted 
partition 

Tg, - F'l + 7 + F'/ + F2 + • ■ ■ + F„ 

and by ([QO]) . 

L(5i, 9A) < i(/, 9A), A(/, A) > ^(51, A). 
It is clear that we have 

(8.30) VNEigi) < VNE{f),VE{gi) = VeU) + 2 and Vigi) < V{f) + 2 
and we rewrite the permitted partition of Fg^ as 

(8.31) Tg, = F„ + F'l + 7 + F'/ + F2 + • • • + F„_i. 

Note that 7 is always a natural edge of Fg^ , because the endpoints of 7 are both in 
E. 

Then there are three cases: 
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Case 2.2.1. Both T[ and T'( are natural edges of F^j^. 

Case 2.2.2. One of T'l and F" is a natural edge, while the other is not. 

Case 2.2.3. Neither r[ nor F" is a natural edge. 

In Case 2.2.1, (|8.3ip is a natural partition, and by (|8.28p . g = gi satisfies (i)-(iv) 
with l(O0| . 

In Case 2.2.2, we may assume r[ is a natural edge, and then by (|8.31|) . Fg^ has 
the natural partition 



Then, by ([O0| and (|OT|) . 

(8.32) Vne{9i) < VNEif), VEigi) = Vsif) + 2 and 1/(51) = + 1. 



Then, by (a) and (|8.28|1 . in the case L (F" + F2) < ir, g — gi satisfies (i)-(iv) with 
(|8.30p . and otherwise. Lemma 18.31 applies to gi, and then there exists a normal 
mapping g : A S satisfying (i)-(iv), by (I8.32p . with 



In Case 2.2.3, F„ + F'^ and T'( + F2 are two natural edges of Fg^ with 
i(F„ + F'l) < 2tt and i(F'/ + F2) < 2tt; 
Fgj has the natural partition 

Tg, = (F„ + F'l) + 7 + (F'/ + F2) + F3 + • • • + F„_i. 
and (|8.30|) becomes 

(8.34) VNEigi) < VNE{f),VE{gi) = Fb(/) + 2 and V{gi) = V{f). 

Then, by (a) and (|8?28l) . in the case L(F„ + Fi) < tt and L(F'/ + F2) < tt, .g = gi 
satisfies (i)-(iv) with ()8.34|) . and in other cases. Lemma [8.31 or Lemma [8.41 applies 
to gi, and then there exists a normal mapping 5 : A — s- S* satisfying (i)-(iv) with 



F, 



91 



r„ + F'i+7+(F'/ + F2) + F3... + F^ 



(8.33) 



Vne{9) < VNEigi) < VNEif), 

VE{9)>VE{gi) + l = VE{f) + S, 
V{g) < V{g,) + 1 = V{f) + 2. 



(8.35) 



VNEig) < Vne{9i) < VneU), 
VEig)>VE{gi) + l = VE{f) + 3, 
V{g) < V{gi) + 2 = Vif) + 2. 



This completes the proof. 



□ 




and 



(8.38) 



L{Tj) < TT for j = 2, . . . , n. 
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Proof. Let C be the great circle determined by Fi. Then by ()8.37p we have C C Fi, 
and by the definition of natural edges, in the case that L{Ti) = 2tt, the only possible 
point oi E = {0, 1, oo} contained in C is 1, and in the case that 2tt < L{Ti) < Stt, 
C does not intsects E, for otherwise the interior a° of ai contains at least one point 
oif-\E). 

Let S' be the hemisphere outside|£l| C. Then 

(8.39) 1 < #(5"n£;) < 2. 
Let 

dA = ai + • • • + Q!„ 

be a natural partition of dA corresponding the partition ()8.36p and let pi and p4 
be the initial and terminal point of ai, respectively. Then by ()8.37|) and (j8.39|) . 
summarizing what we have, there exists p2 and ps in the interior of ai such that 
pi,P2,P3,P4 are in order anticlockwise and the followings hold. 

(a) / restricted to each section a'^ of ai from pj and Pj+i is a homeomorphism, 
J = 1,2,3. 

(b) For the sections F^- = /(z), z E aj,j = 1, 2, 3 

L(F'2) = TT, L{T[) < TT, L(F^) < TT. 

(c) Any shortest path from 52 to contains at most one point of E. 
Then by the definition of natural edges, 

F^n-B = 0, 

and by (b), 52 and are antipodal. Therefore, by (|8.39p and (c), there exists a 
unique shortest path L from q2 to (73 such that L — Fg enclose a domain T such 
that THE contains exactly one point q E E, which lies in L n 5". We denote by F' 
the section of L from q2 — f{p2) to q — f{q) and by F" the section of L from q to 
<73 = /(Pa)- 

Then we can extend the Riemann surface of / to be a new Riemann surface so 
that in the new Riemann surface, T is patched along F2. By Lemma l3.2| this can 
be realized by a normal mapping g : A ^ S. Then the boundary curve Fg = g{z), e 
9A, has the following natural partition 

(8.40) Fg = F'l + F' + F" + F;, + F2 + • • • + F„, 

because F']^,F3 is in Fi and F' and F" are clearly natural edges. 
It is clear that Tg satisfies (ii) and 

(8.41) L {V\) + L (F') + L (F") + L (F^) = L {T\) + L{T'^) + L (F^) = L(/, a,), 
and then by (I8.40p we have 

L{g,dA) = L{f,dA). 
On the other hand, it is also clear that 

A{g,A)=A{f,A)+A{T)>A{f,A). 

Thus, g satisfies (i). 

On the other hand, by (|8.40p . considering that all the natural vertices of F/ are 
natural vertices of Tg and q2^ 93 and q' are the three new natural vertices of we 
have 

Vme{9) = VneU) + 2, VE{g) = VE{f) + 1, V{g) = V{f) + 3. 



^This means that S' is on the right hand side of C. Note that C is oriented by Fi. 
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Thus, (hi) is satished by g. This completes the proof. □ 

9. Movement of branched points 

This section is prepared for prove Theorem llO.il 

Lemma 9.1. Let f : A+ A be an orientation preserved open mapping that 
satisfies the following conditions: 

(a) f restricted to the upper half circle {dA)^ ^ {z e dA;lmz > 0} IS given 
by /(e**) = e*('')\ where <j) is a strictly increasing function defined on [0, tt] with 
(/)(0) = and (/)(7r) — {2d + l)7r, where d is a positive integer. 

(b) f maps the interval [—1,-1] homeomorphically onto the interval [—1,1]. 

(c) po e A+ is the unique ramification point of f in A+. 

Then there exists an orientation preserved open mapping g : A+ — s- A such that 
the followings hold. 

(I) z — is the unique ramification point of g in A+ and g{0) = 0. 

(II) 5|(gA)+ — /l(aA)+ o-nd g restricted to the interval [—1, 1] is a homeomorphism 
onto the interval [—1, 1]. 

Remark 9.1. g acts as an orientation preserved open mapping that moves the 
unique ramification point po of f into the boundary of A+ with the same branched 
number, while none other ramification points appear. 

Proof. There exists an orientation preserved homeomorphism /i from A^ onto A~ 
such that 

/i|[-i,i] = /l[-i,i]- 

Then 

/(z),^e A+, _ 
A-\A+, 

is an orientation preserved d + 1 to 1 covering mapping from A onto A such that 
Po is the unique ramification point of /2, and then there exists another covering 
mapping f^-.A^A such that 

fsldA = f2\dA 

and that is the unique ramification point of /a with /3(0) ~ 0. 

It is clear that the path /? = t E [—1,1] in A has a unique lift a — a{t), t e 
[—1, 1], in A such that 

a(-l) = -l,a(l) = l, 
/a restricted to a is a homeomorphism with 

/3(a(t)) [-1,1], 

and Of is a Jordan path and the interior of a is contained in A. Thus a divides A 
into two Jordan domains and one of these domains is enclosed by (9A)^ and a, and 
we denote this domain by Then f^ restricted to A+\C/+ is a homeomorphism. 

Now consider the restriction /sl-^qr. Let h he a, homeomorphism from A+ onto 
C/+ such that h restricted to (dA)'^ is an identity mapping, restricted to the interval 
[— 1, 1] is a homeomorphism onto a with h{0) — (note that £ a), and finally let 

5 = /3o/i(z),ze A+. 

Then g satisfies all the desired conditions. □ 
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Remark 9.2. By the proof we may construct that g such that g{0) = t for any 
fixed t e (—1,1), is the unique ramification point of g and all other conclusions 
hold. 

Lemma 9.2. Let f : A S be a normal mapping, let po ^ IS. be a ramification 
point of f with Vf{po) = d+1, and assume that /3 = f3{t),t S [0, 1], is a polygonal 
Jordan pa,th in S that satisfies the fallowings: 

(a) /3(0) — f{po), /3(0) 7^ /3(1) and (3 has a number of d+ 1 lifts aj = aj{t),t G 
[0, 1], by f in A, such that 

U'^t^aj C A, 
f (ajit)) = p{t),t G [0,1], j = 1, ... ,d+l, 

and 

aj{0) =pq, j = l,...,d+l, 

(b) ai{t) e A for all t e [0, 1) but pi = ai(l) e ^A. 

(c) f has no ramification point on \J'j'^\aj{0,\\, where aj(0, 1] is the curve 
aj{t),t G (0, 1], which is the curve aj without initial point, j = 1,2, . . .d + 1. 

(d) f restricted to a neighborhood of pi — ai(l) in A. is a homeomorphism. 
Then, there exist a normal mapping 5 : A — > 5 such that 

A{g, A) = Aif, A), L{g, OA) = L{f, dA), 

and the fallowings hold. 

(I) The ramification point Pq of f is no longer a ramification point of g, while 
the regular point pi of f is a regular point of g with 

9{Pi) = = f{Pi) and u/(po) = Vg{Pi)- 

(II) The boundary curves Vf = f{e^^),0 e [0.27r]. and Vg = g{e'^),9 G [0,2it], 
are the same curves after a parameter transformation. 

(III) The ramification point sets of f and g in A\{po,pi} are the same, and f 
and g coincide in a neighborhood of this ramification point set. 

Remark 9.3. g acts as a normal mapping that moves the ramification point pq of f 
into the boundary dA with the same branched number, while all other ramification 
points, as well as their branched number, remain unchanged, and no other new 
ramification point appear, and the length and the area also remains unchanged. 

Proof. Let (5 < i be a positive number, let Ds be the disk |z — pi| < i5 in C, 
let c — {dA) n Ds, which will be regarded as a path from p2 € OA to S dA 
(anticlockwise) . Then pi is the middle point of c. We write 

(1] = .fiP])d = 1,2,3; 
D+ = Ds\A, 
A* = A[jDs[Jc\{p2,P3}; 

7 = /(c); 
e ^ dA* n Ds ^ {dDs)\A, 
which is the boundary of A* outside A, and is the boundary of dDs outside A as 
well. It is clear that A* is a Jordan domain (note that S < ^) and 

9A* = e U {{dA) \c), en (MJV = {^2,^3}- 
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Since / is normal and 0:2 C A (by (a)), wc have that 

/(pi) = /(ai(l)) = /(a2(l))^i?. 

On the other hand, by (c) and (d), we may take the number 5 sufficiently small 
such that the following conditions (e)-(f) are satisfied. 

(e) / restricted to c is a homeomorphism onto 7 = /(c) = gi^T^s, i-e., 7 is a 
polygonal Jordan path with only one possible vertex at qi . 

(f) There exists a point q[ in S'\7 such that q[ is very close to 7 and is on the 
right hand side of 7, and the quadrangle (?29i93'?iQ2 encloses a domain T that is 
on the right hand side of 7, with T O E = (d, and f~^{T) has d components Aj 
with f{aj{l) G Aj and / restricted to each Aj is a homeomorphism onto T, for 
j = 2,...,d+f. 

(g) /3 intersects T only at qi — f{pi)- 

Let /i be an orientation preserved homeomorphism from onto T such that 
/i and / restricted to c are equal to each other. Then 



f2{z) 



/(z),ze _ 
h{z),zeDj\A, 



is a normal mapping defined on A* . 

The above argument show that T can be extended to be a polygonal Jordan 
domain T* such that the foUowings hold. 

(h) f3 C T* , the path 7' = q2q'iq3 is still a section of dT* , and 

(7UT)\{(72,g3}cr*. 

(i) /2 restricted to the component U of f2^{T*) with po G C/ is a d + 1 to 1 
covering with the unique ramification point p^, and f2{U) — T*. 

(j) The boundary of U is composed of e and a Jordan path a in A whose interior 
is in U and endpoints are p2 and p^. 

Then V = U H A is also a Jordan domain. Let hi be a homeomorphism from V 
onto A+ such that hi maps a homeomorphically onto (9A)^ , maps c homeomor- 
phically onto the interval [—1,1] with 

/ii(pi) =0; 

let ft,2 be a homeomorphism from T* onto A such that h2 maps (dT*) \{j'\{q2, 93}} 
homeomorphically onto (9A) , maps 7' homeomorphically onto (i9A) , and maps 
7 homeomorphically onto the interval [— 1 , 1] with 

h2iqi) = 0; 

and finally let 

5i = /i2o/2|^o/i-i(C) : A+^ A. 

Then gi is an orientation preserved open mapping that satisfies all the assumptions 
of Lemma 19. 1[ and then there exists an orientation preserved open mapping 172 ■ 
A+ A such that the foUowings hold. 

(k) is the unique ramification point of 52 in A+ and (?2(0) = 0. 

0) 52|(aA)+ ~ /l(aA)+ ^^'^ both / and 32 restricted to the interval [—1,1] are 
homeomorphisms onto the interval [—1, 1]. 

Let 

93 = o 52 o hi{z),z e V. 
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Then 53 restricted to a neighborhood of a in F is a homeomorphism, 53 maps c 
homeomorphically onto 7 and gs restricted to a equals the restriction of / to a and 

A{gs, V) = {d+ 1) A{T*) - A{T) = A{f, U) - A{f, Dj) = A{f, V). 

Now, 

r f{zlzeA\V, 

is the desired mapping. □ 
Lemma 9.3. Let 

ai = ai{0) = e''',ee [9i,02] 
with 9\ < 62 < 0\-\- 277, be a section of dA and let 

Pj = ai{e''^'),j = 1,2; 
let f : A ^ S be a normal mapping such that pi is a ramification point of f with 

Vf{pi) = d. 

Assume that the section 

ofVf = f{z), z e dA, is a Jordan path with 

l3r\E = $, 

and f3 has d = Vf{p\) distinct lifts 

aj = aj{0),0 e [61,02], j = l,...,d 

in A by f, such that 

(a) For each j = l,...,d, f{aj{6)) = f{ai{e)) = P{9) for 6 e [61,62] and 

aj{0i) =pi. 

(b) For each j = 2,...,d, aj{0) G A for € {0i,02]. 

(c) There is no ramification point of f in U^^^a^ other than pi. 

(d) f restricted to a neighborhood of pj in dA is a homeomorphism, for j = 1, 2. 
Then, there exists a normal mapping g : A S such that 

A{g, A) = A{f, A), L{g, OA) = L{f, OA), 

and the followings hold. 

(I) The ramification point p\ = e**^ of f is no longer a ramification point of 
g, while the regular point p2 = e'^^ of f is a ramification point of g with g{p2) = 
I3{62) = f{p2) and 

bfiPi) = bg{p2)- 

(II) The boundary curves /(e*^) and g{e^^) are the same after a parameter 
transform. 

(III) In A\{pi,p2}, / and g has the sam,e set of ramification points and f and 
g coincide in a neighborhood of this ramification point set. 
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Proof. There are two ways to prove this lemma. One way is to use Remark 19.21 
Here we use Lemma 19.21 to give another proof. 

We will first construct a normal mapping /2 that is defined on some closed 
Jordan domain A' 3 p2 such that the length and the area concerned in the lemma 
unchanged, the boundary curve Tf.^ of /2 is the same as that of /, / and /2 have the 
same set B of ramification points in A\{pi,p2}, /2 and / coincide in a neighborhood 
of this ramification point set, and /2 has only one more ramification point p'l outside 
B, while p'l is in the interior of the domain A', and there is a path (3^ whose interior 
and initial point are located in A' and the terminal point is p2 G dA' , and /2 and 

satisfies all assumptions of Lemma 19.21 if A' is regarded as a disk. Then by 
applying Lemma [^21 we obtain the desired conclusion. 

Let (5 < i be a positive number, Dg the disk |z — pi| < S, c the section of dA 
that is contained in Ds and regarded as a path from si to S2 anticlockwise, e the 
section of dDs that is outside A V the part of Ds outside A and write . 

7 = /(c), 

tl = f{si),t2=f{s2), 
91 = f{Pl),q2 = f{P2), 

V* = AU Ds, 
7 = /(c),7' = /(e). 
By the assumption, we may assume that S is sufficiently small such that the 
foUowings hold. 

(e) / can be extended to be a normal mapping /i defined on A*. 

(f ) /i restricted to y is a homeomorphism onto the closure of a polygonal Jordan 
domain T. 

(g) = /(pi) has a neighborhood T* such that T* D T U 7\{<i,i2}, T* is a 
polygonal Jordan domain and for the component U of fi^{T*) with pi e U, fi 
restricted to [/ is a d to 1 covering mapping onto T* , with the unique ramification 
point at pi. 

(h) (3ndT* ^{t2}. _ 

Then there is another normal mapping /2 : A* — > such that 

M'A^\U — /iIa^\(7' 

the restriction /2 Ijj is also a d to 1 covering with a unique ramification point pi in 
U such that p[ G A and q[ = f2{p\) e T*\T. 

Consider the fift of the path j = f[c) — /i(c) by /2. Since /2|y- is a covering with 
the unique ramification point pi with f2{Pi) — Qi ^ l- 1 — fic) has a unique lift a 
in U by /2 such that the interior of a is in [/ with endpoints si and S2 (note that 
T can be lifted by /2|y-, because T is simple connected and there is no branched 
point in T). Then a divides A* in to two Jordan domains A' and A" such that 
f2{dA") = 7U7' = dT, and /2 restricted to dA" = aUe is a homeomorphism onto 
the boundary dT. Then /2|^ is a homeomorphism from A" onto T. 

Then the restriction of /2 to A' is a normal mapping such that 

A(/2, A') - A(/2, A*) - A{f2, A") = A{h,A*) - A{T) = A), 
and Tf and Tf^\_ are the same, ignoring a parameter transformation. 

By (h), there exists a unique d[ G (6*1, ^'2) such that t2 — P{0'i), which is the 
unique point in (3ndT*. Let /3i(6'), 9 E [9i,9[], be a polygonal Jordan path in T*\T 



56 



GUANG YUAN ZHANG 



such that 

and the interior of /3i is contained in T*\T. Then since /2|(7 is a covering with 
the unique ramification point p'l and /2 (pi ) = q'l, (3i has d hfts a* = a*{0),6 G 
[fi*!, ^''i], j = 1, • • ■ , rf, by /2|[7, such that 

(i) Uj^2'^j C A', the interior of is also contained in A*, while ct'i{0'i) — S2 = 
ai{e[) e dA'. 

(j) = a,(0'i),and = p',, j = 1, . . . , d. 

Let 



and let 



Then, by the assumption of the lemma, we have 

/2(a;'(0))=/32W,0e [0i,02],J = l,...,d 

a^'c A',j = 2,...,d, 

and /2 has no ramification point in U^^;^Q:"\{pi}. Since T^^l-^ — f2{z),z G 9A', is 
polygonal, there exists another polygonal Jordan path (j^{9),9 € [^^i, 6*2], such that 
/33 n /3 = {92}, /^s is so close to [32 that [3^ has a number of d lifts 7^ = jj{9),9 e 
[01 , ^2] such that 

f2hj{e))=f33{9),9e[9i,92],j = l,...,d, 

Iji^i) =Pi,j = 1, • . • ,d, 
U,t27. C A',7\{p2}cA' 

and /2 has no ramification point in U^7j\{pi}. Then by Lemma l9.2| there exists a 
normal mapping defined on A' such that the followings hold. 

(k) p2 = is a ramification point of with fz{p2) ~ 92 — /3(^2), while pi is 
not a ramification point of /a, and 

(1) The boundary curves f3{e^^) and /2(e*^) are the same after a parameter 
transform. 

(m) In A'\{p[,p2}, fs and /2 has the same set of ramification points and / and 
g coincide in a neighborhood of this ramification point set. 
(n) A(/3,A')=A(/2,A'). 

Let B be the set of all ramification points of /a, then it is clear that i?\p2 C 
A n A'. Let h he a. homeomorphism from A' to A, such that h restricted to a 
neighborhood of B\p2 is an identity, and let g — f2 ° h~^. Then g is the desired 
mapping. □ 



the best bound of the area-length ratio in ahlfors' theory 57 

10. Cutting and Gluing Riemann surfaces of normal mappings 

In this section, we will prove the following theorem, which is used in the proof 
of Theorem [THH 

Theorem 10.1. Let f : A S be a normal mapping and assume that each natural 
edge of f has spherical length strictly less than tt. /// has a branched point in S\E, 
then there exist two normal mappings fj:A—f S,j = 1, 2, such that the followings 
hold. 

(i) Each natural edge of fj has spherical length strictly less than TT,j — 1,2. 
(n) EU Lifj^dA) < aA), E -.1 ^(/., A) > A). 

(m) VNEifl) + VNEif2) < VneU) + 2, VeUi) + VE{f2) > Ve(/). 

H V{fi) + V{f2) < V{f) + 2. 

The proof will be put to the end of this section, after we establish some results 
for cutting and gluing the Riemann surface of /. 

Lemma 10.1. Let f : A ^ S be a normal mapping, let po d A be a ramification 
point of f and let [3 = t € [0, 1], 6e a polygonal Jordan path in S with distinct 
endpoints. Assume that the followings hold. 

(a) Each natural edge f has .spherical length strictly less that tt. 

(b) /3(0) — f{pa), (3 has two lifts aj — ctj{t), t G [0, 1], in A by /, with 

(10.1) a,{0)=p„ and fia.it)) ^ Pit), t e [0,l],j = 1,2. 

(c) aj{t) e A for all t e [0,1), j = 1,2, but {ai(l), a2(l)} C ^A. 

(d) f has no ramification point in the interior aj{0, 1) = {aj{t), t £ (0, 1)}, j — 
1,2. 

Then there exist normal mappings fi, f2 ■ A S, such that the following condi- 
tions hold. 

(i) Each natural edge fj has spherical length strictly less that tt, j = 1,2. 
(ti) L{f, A) > A) + L(/2, A) and A{f, A) < A{f,,A) + Aif^, A). 

(ill) VNEifl) + VNE{f2) < VNEif) + 2 and VEifl) + VE{f2) > VE{f). 

(iv) F(/i) + V{f2) < V{f) + 2. 

Proof. By Lemma 13.51 we have Q!i(l) 7^ ct2(l), and by (b) and (d), ai and a2 are 
Jordan paths that intersect only at pq. Then by the assumption, a = + ai 
compose a Jordan path in A from q;2(1) to ai(l), such that the interior of a is 
contained in A. Thus, a divides the disk A into two parts, of which one is on the 
left hand side of a and is denoted by Ai, and the other, denoted by A2, is on the 
right hand side of a. 

Now, we consider the restrictions 

/Is-: A ^5, j = 1,2. 

By Lemma l3.41 these two normal mapping can be regarded as two normal mappings 
gi and g2 defined on A as follows. 

Let 7j = dA n dAj , which is the section of the boundary of Aj that is on the 
circle 9 A, and let hj : Aj — > A be a continuous mapping such that hj\A is a 
homeomorphism onto A[o^i] = A\[0, 1], in which [0,1] is the interval of the real 
numbers, hj maps the interior of 7^ homeomorphically onto (dA) \{1}, and 



h,{a,{t))^t,te [0,1]. 
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Then define gj = fj o hj , and this is the glued mappings from A into S. Then 
the foUowings hold. 

(e) The boundary curves of 171 and (72 compose the boundary curve of /, i.e. the 
curve = g{z), z g i9A, and the section of the curve F^- = /(z), in which z runs 
on OA from q;i(1) to 02(1) are the same and the curve Tg.^ — g2{z), z G 3A, and the 
the section of the curve Tf — f{z), in which z runs on dA from Q!2(1) to ai{l) are 
the same; and 

(10.2) A{f, A) = A(5i, A) + A{g2, A) and i(/, A) = L{gi, A) + i(g2, A). 

Let pj = e**J, J = 1, . . . ,n, be an enumeration of all natural vertices of / that 
are in order anticlockwise, let Cj — e'^, 6 £ [dj, 9j+i] {9n+i = Oi + 27r) be the section 
of (9 A from pj to Pj+i and write qj ~ f{Pj)- Then 

(10.3) Tf = ri + r2 + r3 + --- + r„ 



= 9192+ 9293 H h9n-l9n+9n9l 

is a natural partition of the boundary curve F/ = /(e*^), 9 £ [0, 2tt], with (by (a)) 

L(F,) <^,j = l,2,...,n, 

and 

Without loss of generality, assume ai{l) £ ci and 0:2(1) £ Cjo for some jo < n. 
Let 

9' = /(ai(l)) = /(a2(l)). 

Then, it is clear that the boundary curves Tg.{z),z £ dA,j — 1,2, have the per- 
mitted partitions 



(10.4) Fgj = 9jo9' + 9'92 + 9293H \- Qjo-iQjo 

= rn+Fi2+F2 + ---+F,„_i, 

and 



(10.5) Fgj = qiq' + q'qj„+i+ qj„+iqj„+2'^ + 9«-i9n + 9ri9i 

— F21 + F22 + Fj„+i + • • • + F„, 
respectively, such that 

L(Fy) < n,ij = 1,2, 

where 



(10.6) Fii = qj„q', 9'92,F2i = 9i9',r22 = 9'9jo+i- 

If ai(l) (or 02(1)) is one of the endpoint of ci (or Cj^), then the discussion is 
similar and easier than the foUowings, since in this case some of edges in (|10.6p 
reduce to points, and the discussion is left to the reader. So, we assume cxi{l) is in 
the interior of Ci and 02(1) is in the interior of C2. Then 

q'(^E. 

and it is clear that 

VNEigi) + VNE{g2) < VneU) + 2, 

(10.7) { VE{gi) + VE{g2) = VEU). 
V{h) + V{f2)<n + 2, 
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and 

(10.8) L(ri) + L(r,j = £(rn + ri2) + i(r2i + r22) 

= L(rii + r22) + i(r2i + ri2). 

Now, there are two cases need to discuss. 
Case 1. r[ = Fii + = qj„q' + q'q2 is not a natural edge of Tg^. 
Case 2. T'l = Fn + ri2 = qj„q' + q'q2 is a natural edge of Tg^ . 

In Case 1, FJ, = F21 + r22 = qiq' + q'qjg+i not a natural as well. Then the 
partitions (|10.4p and (|10.5p are natural partitions, since (|10.3p is a natural partition, 
and then gi , g2 are the two desired mappings by (|10.2p and (|10.7p . 

In Case 2, F2 — T21 + T22 is a natural edge as well. Then 

Tgi = F'j + F2 + • ■ • + 

and 

=^'2 + Tjo+i H h F„, 
are natural partition of Fg^ and Tg^ , respectively, and then (|10.7p changes into 

f Vne{9i) + Vne{92) < VneU), 

(10.9) <^ VE{gi) + VE{g2) = VEif), 
[ Vih) + V{f2)^n. 

If L{T[) < TT and L{T'^) < tt, then gi and 172 are the desired mappings with 

li L{T[) > TT, then by (|10.8p and the assumption of the lemma, L(r'2) < tt. This is 
because that by the assumption of the lemma, L{r[)+L{T'2) = L(Fi)+L(Fjj,) < 2tt. 
Then applying Theorem 18. li there exists a normal mapping /i : A ^ 5 such that 

L(/i,A) <L(.gi,aA), ^(/i,A) = A(.gi,A), 

and 

VNEifi) < VNEigi), VEifi) > VE{gi) + 1, V{fi) < V{gi) + 2, 

and each natural edges of F/^ has spherical length strictly less than tt. Then we 
have by p0?2)) and ^09)) that 

LifudA) + L(52, dA) < L(/, SA), A(/i.A) + ^(52, A) = A(/, A) 
VneUi) + Vne{92) < Vne{9i) + Vne{92) < VneU), 

VEifl) + VEi92) > Ve{9i) + 1 + Ve{92) = VEif) + 1, 

and 

V{fi) + Vig2) < Vigi) + 2 + ^(32) < Vif) + 2. 
Thus, fi and 52 is the desired mappings. This completes the proof. □ 

Corollary 10.1. Assume that /, /3, ai and 02 satisfy all the assumptions in Lemma 
\10.1\ and, in addition, /3(1) G E. Then there exist normal mappings gi,g2 : A — ^ 5, 
such that the fallowings hold. 

(i) Each natural edge ofTgj is a natural edge ofTf,j — 1,2, and each natural 
edge ofTf is a natural edge of either gi or g2 ■ 

fti) L(<?i, A) + L(52, A) - i(/. A) and A(ffi, A) + ^(52, A) = A(/, A). 

(^^^) VNEigi) + ^7V£(52) = VNEif),VEi9i) + V£(.92) = Fb(/), 1/(51) + ^(52) = 
Vif). 
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(iv) 

(10.10) ^9^iP)+ E bs.iP)< _E ^f(P)- 
peA\g-\E) pGA\g-\E) peA\f-^(E) 

Proof. By repeating the above proof from the beginning to (jl0.6p and considering 
that, in current situation, q' ~ f{a{l)) = /(a2(l)) must be a natural vertex of /, gi 
and 92, we can conclude that all the conclusion follows, except the inequality (iv). 
By the assumption and the definition of gjS, it is clear that 

(10.11) bgM + bgM^bjiPo)--^- 
Next, we show that 

(10.12) &3,(1) + 6g,(l) < 6/(ai(l)) + 6/(a2(l)) + 1. 

Let Ij be the circular arc of the circle Cj : \z — aj{l)\ = s inside A and 7j be the 
section of 9 A inside Cj,j = 1,2; let I be the circular arc of the circle C : jz — 1| 
inside A and 7' be the section of dA inside C,j = 1,2; where £ is a sufficiently 
small positive number. Let si, S2, s'l, S2 be smooth and orientation preserved dif- 
feomorphisms from neighborhoods of /(ai(l)), /(q;2(1)), gi(l) and 52(1) onto the 
disk A with 

(/(«.■(!)) = 0,4 (5, (1)) = 0, 

such that they keep the angles at /(ai(l)), /(a2(l)), gi(l) and 32(1) and maps 
/(7i): /(Tz), 5i(7i) and 32(72) onto angles (broken lines) with vertices /(ai(l)), 
/(a2(l)), 5i(l) and 32(1), respectively, in C. Then we can define the rotation num- 
bers 

= ^ / ^if^ and r' . ^ /IM^, 

277 7,^ Sjof{z) J 2tt Ji s'jOgj{z) 

which is invariant for sufhciently small e, independent of SjS and s^s by the as- 
sumption and all are positive because SjS and s^s are orientation preserved and gjS 
and / are normal. It is clear that 

(10.13) t[+t!2=Ti+T2. 

Then there exists kj and fc^ , j = 1, 2, such that 

< T- <kj + l, kj < Tj <kj + l,j = 1, 2, 

and then we have 

bgA^) + bgA^) = K + K 

< t[ + T2 = Tl + T2 < kl + k2 + 2 

= 5;(a(l))+6y(a2(l)) + 2, 

but branched numbers are integers, we have (|10.12p . 
It is clear that, by the definition of gjS 

E bj{p) = Y: E b^Ap)^ 

peA\{Qi(i),a2(i)} i=ipeA\{i} 
which, together (jlO.lip and (|1G.12[) . imphes (jlO.lOp . □ 
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Lemma 10.2. Let / : A — > 5 6e a normal mapping, let ai = ai{d) — e^^,6 E 
[61,02], be section of dA and denote (3 — j3{6) — /(e*^),0 e [^1,^2]- Assume that 
the followings hold: 

(a) Each natural edge fj has spherical length strictly less that n. 

(b) [3 is a Jordan path with distinct endpoints and 

(3{e) i E for each tE [91,62). 

(c) f3 has a lift 02 = 012(6), 6 G [61, 62], in A, with a2{6i) — ai{6i) — e*^^, and 

f{e'')^f{a,i6)) = m,0e[6,,62]. 

(d) f has no ramification point in the interior of ai and a2- 

(e) The interior of a2, which means the open curve a2{6),6 £ {61,62), is con- 
tained in A, but {q!2(6'2)} C OA. 

Then there exist two normal mappings /i , /2 : A — > S*, such that the followings 
hold. 

(i) Each natural edge fj has spherical length strictly less that tt, j — 1,2. 

(ii) A{f, A) < , A) + Aif2, A) and L(/, A) > , A) + L(/2, A). 

(iii) VNEifi) + VNE{f2) < VNsif) + 2, and Vsifi) + VE{f2) > Vsif). 

(iv) Vifi) + V{f2) < Vif) + 2. 

Proof. By Lemma l375l we have 01(^2) 7^ 0^2 (^2)- 

a2 divides the disk A into two parts, one of which denoted by Ai, is on the left 
hand side of 02, and the other, denoted by A2, is on the right hand side. Then, 
ai is a section of 9A2. By ignoring a coordinate transform, we may regard the 
restriction /|— as a normal mapping gi defined on A. 

Consider the Jordan domain A2. By Lemma |3.4[ we can glue the ai and a2 so 
that the restriction f\-^ can be regarded as a normal mapping 52 : A — > 5*, as we 
did in the proof of Lemma [10.1 1 Then the followings hold: 

(e) The boundary curves of gi and 52 compose the boundary curve of /, i.e. the 
curve Tg-^ = g{z), z G dA, and the section of the curve F/ = f{z), in which z runs 
on i9A from ai(l) to a2(l) are the same and the curve F^^ = g2{z), z G dA, and the 
the section of the curve Fj = f{z), in which z runs on dA from a2(l) to Q!i(l) are 
the same; and 

(10.14) A{f, A) = .4(51, A) + A{g2,A) and L{f, A) = ^(51, A) + L{g2, A). 

Then, as in the proof of Lemma 110. 1[ there exist normal mappings /j : A ^ 
S,j — 1, 2, satisfied the conclusions. □ 

Corollary 10.2. Assume that f, (3, ai and a2 satisfy all the assumptions in Lemma 
\10.Si and, in addition, /3(1) G E. Then all the conclusions of Corollary \10.1\ hold. 

Proof. Repeat the above proof from the beginning to p0.14p and repeat the proof 
of Corollary [TUH □ 

Lemma 10.3. Let f : A S be a normal mapping such that each natural edge of 
f has spherical length strictly less than tt. /// has a ramification point in A, then, 
one of the following conditions (A) and (B) is satisfied. 

(A) There exists a normal mappings /i : A — > S* such that, the followings hold. 

(i) The boundary curve F/^ = fi{z),z G dA, is the same as that of f. 

(n) L(/i,9A) =L(/,9A),A(/i,A) = A(/,A). 

(Hi) fi has no ramification point in A. 
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(iv) fi has at least one ramification point in (9A) \fi^{E). 

(B) There exist normal mappings fj:A^ S,j = 1,2, such that the followings 
hold. 

(i) Each natural edge of fj has spherical length strictly less than T:,j — 1,2. 

(n) E-=ii(/.,5A) < i(/,9A),E-.i^(/.,A) > A(/,A). 

(lii) VneUi) + VNEif2) < E{f) + 2, VeUi) + Vi;(/2) > VE{f). 
HV{h) + V{h)<V{f) + 2. 

Proof. Let po G A be any ramification point of / and let (3 = (3{t),t e [0, 1], be a 
polygonal Jordan path in S from qo = f{po) to some point qi £ E — {0, 1, oo} such 
that the interior of (3 does not contain any point in E. Then /3(0) 7^ /3(1), since / 
is normal. 

We may assume that 

(a) There is no branched point of / in the interior of /3 (otherwise, we deform /3 
slightly). 

Let d = Vf{po). Then, by (a) and the fact that /(A) n £^ = (note that / is 
normal) we conclude that there are only two cases: 

Case 1. There exists a positive number ti < 1, such that the followings hold. 

(al) The section /3[0,ti] = {Pit);t e [0,ti]} of f3 has two lifts Uj = a-j{t),t e 
[0,ti], in A by /, such that 

aj{0) ^ pound f{aj{t)) ^ f3{t),t € [0,ii];j = 1,2. 

(bl) For j = 1 and 2, aj{t) e A for all t G [0,ii], but {ai(ii), 02(^1)} C dA. 

(cl) / has no ramification point in the interior of ai and a2, i.e. / has no 
ramification point on ai(0, 1) U 02(0, 1), where ctj(0, 1) is the open curve aj(t), t G 
(0, 1), which is the curve aj without end points, j = 1, 2. 

Case 2. There exists a positive number ti < 1, such that the followings hold. 

(a2) The section (3{t),t E [0,ti], of [3 has a number of d = ^^/(Po) lifts aj = 
aj(t),t e [0,ii], in A, such that 

(10.15) U^^2 C A, 

/(«,(t)) =/3(i),te [0,<i], j = l,...,d, 

and 

ai(O) =Po, j = ^,---,d. 
(b2) aiit) e A for all t e [0,ti) but p[ = ai(ti) e 9A. 
In Case 1, by Lemmas llO.il (B) is satisfied. 

Now, assume Case 2 occurs. Then, we must have ii < 1. Otherwise, we have 
f{a2{ti)) = = qie E, and then by the fact f{A)nE = 0, wehavea2(ti) G dA, 
contradicting (|10.15p . Thus by (a) we have: 

(c2) / has no ramification point on U^^]^aj(0, where aj{0,ti] is the curve 
ctjit), t € (0, ti], which is the curve aj without initial point, j = 1, 2, . . . d. 

Then, by (a2), (b2) and (c2). Lemma applies . and then, there exists a normal 
mapping gi : A S such that (recall that Pi = Q;i(ti)) 

(10.16) #{p e A; bg, ip) > 1} = #{p e A; bf{p) > 1} - 1, 

(10.17) bgM)^hiPo) 



(10.18) 
and 



L{g,,dA) = L{f, 5A), A(5i, A) = A(/, A), 
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(d) The boundary curve of gi is the same as that of /. 
Then, gi satisfies (i), (ii) of condition (A). 

By (llO.lTp . p'l £ dA is a ramification point of gi. On the other hand, by (b2) 
and (flOASl) 

gi(9A) 3 gM) = fiPi) = fiMh)) - fia^ih)) e /(A), 

,i.e. gi{Pi) G gi{dA) n /(A), and then 51 (pi) ^ E since / is normal. Thus, (iv) of 

(A) hold. 

If gi does not satisfies (iii) in (A), then 171 satisfies all assumptions of the lemma 
under proving, but the number of ramification points of gi located in A is dropped 
by one (by (|10.16p ). and then apply the above argument, we again reach Case 
1 or Case 2. Since there are finitely many ramification point of / in A, after 
repeating the above arguments finitely many time, we can show that either (A) or 

(B) holds. □ 

Lemma 10.4. Let f : A S be a normal mapping such that 

(a) Each natural edge of f has length strictly less than tt, and 

(b) f has no ramification point in A. 

Assume that there exist 9i and 63 with 9i < 63 < 61 + 27r such that the followings 
hold. 

(c) pi = e*^^ e dA\f^^{E) is a ramification point of f. Note that E — {0, 1, 00}. 

(d) /(e*^3) e E but /(e**) ^ E for each 9 G (6*1, 6*3). 

(e) Each point e'** G dA with 9 € (^1,03) is not a ramification point of f . 
Then, there exist two normal mappings fj:A~> S,j — 1,2, such that the 

followings holds. 

(i) Each natural edge of fj has length strictly less than tt, j = 1,2. 
(n) E-=ii(/.,5A) < L(/,aA),E-.i^(/.,A) > A{f,A). 

(ill) VNEifl) + VNE{f2) < VNEif) + 2, Vsifl) + l^is(/2) > Vi;(/). 

(iv)V{fi) + V{f2)<V{f) + 2. 

Proof. By the assumption, there are only two cases need to discuss. 
Case 1. There exist 6*4,05 G (^116*2) with ^4 < 9^ such that 

(f ) e***" is a natural vertex of /. 

(g) Both of the sections ri4 = f{e'^),9 € [6*1, 6*4], and = /(e*^),6l e [6*4,^5] 
are Jordan paths with ri4(6'i) 7^ ri4(04) and r45(04) ^ r45(05), but ri4 + r45 is 
not a Jordan curve. 

Case 2. The section ri3 — /(e'^),0 € [9i,93], is a Jordan path. 
Let d — Vf{po). We first assume Case 1 occur. 

Then, there exists a positive number 6 and there exist a number of d Jordan 
paths 

'^3,s = e [9i,9i+s],j ^l,...,d, 

such that 

ai,5(0) =e*^0e [9i,9i+s], 
a,A9)eA,9e{9,,9^+s),j = 2,3,...d, 

and 

fiaj,s{e)) = f{e''), 9 e [9,,ei+s],j = 1, . . . , d. 
Since / has no ramification point in A, there are only two further cases for Case 

1. 



64 



GUANG YUAN ZHANG 



Case 1.1. Each aj^s can be extended to be a Jordan path aj — aj{9), 9 e [61,64], 
such that 

a,i6)GA,6Gi6,,64],j = 2,3,...,d, 

and 

f{a,{6)) = fie:0),6 e[6^,64],j ^2,3,...,d. 
Case 1.2. For some jo G {2, 3, ... , d}, there exists 62 £ {61, 64] such that aj^^s can 
be extended to be a Jordan path aj„ — ajg(6), 6 d [61, 62], such that 

A,0e(0i,02), 
f{a,,i6))^fie^'),6e[6,,62]. 
In Case 1.1, smce / has no ramification point in A, / has no ramification point 
in the interior of each aj,j = 2, . . . ,d, and then f,ai, . . . ,ad and /3 — /(e*^), 6 £ 
[6'i,6'4] satisfy all assumptions of Lemma [9.31 bv (e). Then Lemma [9.31 apply, and 
then there exists a normal mapping g : A ^ S such that 

5(e»^) = /(e'^),0e [0,2^], 
bg{Pi) = 0,5g(p2) = bf{pi), 
bgip) = bfip) for all P e A\{pi,p2}, 

and 

L{g, dA) = L{f, dA),Aig, A) = A{f, A). 

Then g satisfies all the assumptions in the lemma under proving by replacing 61 
with 64. But now, the number of loops of the section g(e*^), 6 e [64, 63], is dropped 
by one. Then, by repeating the same argument several times, we can find a number 
6[ G [01, ^3), and a normal mapping /i : A ^ S" such that 

h{e^')^f{e^'),6e[0,27T], 

fi, 61 — 6[ and 6*3 satisfy all assumptions of the lemma and fit case Case 2. 

In Case 1.2, / also has no ramification point in the interior of each aj,j — 1, jo- 
Without loss of generality, we assume jo = 2. Then, f,ai,a2 = aj„ and (3 — (3 — 
f{e^^),6 e [61,62], satisfy all assumptions of Lemma [10.21 Then by Lemmas 110.21 
There exist two normal mappings /i, /2 '■ A ^ S, satisfying (i)-(ii). 

Now assume Case 2 occurs. Then since /(A) C\ E — % (note that / is normal), 
by (a)-(e), there exists 62 G (^1,^3] such that the sections ai — e*^ and fi = /(e'^) 
with 6 € [61, 62] satisfy all assumptions of Lemma [l0.2[ and the arguments in Case 
1.2 apply. This completes the proof. □ 

Proof of Theoren ilO.li Assume / has a branched point in f{A)\E. There are two 
cases: 

Case 1. / has a ramification point in A. 

Case 2. / has no ramification point in A, but has a ramification point in dA\f^^{E). 

In Case 1, Lemma [10.31 applies, and we have the following conclusions (A) or 
(B). 

(A) There exists a normal mappings gi : A S such that, the foUowings hold. 

(1) The boundary curve Fg^ = gi{z), z g dA, is the same as that of /. 

(2) Ligi,dA) = L{f, 9A), A(5i, A) = A{f, A). 

(3) gi has no ramification point in A. 

(4) gi has at least one branched point in f{dA)\E. 
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(B) The conclusions of Theorem 110.11 hold true. 

If (A) occurs, then gi has a ramification point pi E {OA) \f^^{E), and then we 
can found 9i and 9^ such that gi, 9i and ^3 satisfy all assumptions of Lemma 110.41 
and then (B) holds. 

In Case 2, Lemma [T0]4^pplies, and so, the conclusions of Theorem 1 1 . 1 1 hold true 
again. □ 

11. Deformation of normal mappings that have nonconvex vertices 

In this section we will prove the following theorem, which is used to prove The- 
orem [123] Theorem II 2. II is the first key step to prove the main theorem. 

Theorem 11.1. Let f : A ^ S be a normal mapping and assume that each natural 
edge ofTf has length strictly less than tt. IfTf is not convex at some natural vertex 
q and q ^ E. Then there exists a normal mapping g : A — s- 5, such that 

L{g, OA) < L{f, dA),A{g, A) > A), 

each natural edge of g has spherical length strictly less than tt, and 

VNEig) < VNEif) ~ 1, Veig) > VEif) and Vig) < Vif) + 1. 

Proof. We divide the proof into four parts, which is the coming Lemmas lll.lf - 
[TOl □ 

Before we introduce these lemmas, we first make some conventions. 
We fix the normal mapping / : A — > and assume 

(11.1) r/ = ri + r2 + r3 + --- + r„ 

is a natural partition of Fy, with n = V{f), 

i9A = 71 H h 7n 

is the corresponding natural partition of dA for /, and denote by pj = e^^' , j = 
1, . . . , n, the initial point of 7^ , j — 1, . . . , n, with 9j^i = 61 and 

9i<62<-- - <6n<9i+2ii; 

and assume that 

(I) All natural edges of / has spherical length strictly less than tt. 

Then, qj = f{pj) is the initial point of Tj for each j — 1,2, . . . ,n, and by (I), the 
notation qjqj^ makes sense, which is the unique shortest path from qj to qj+i, and 
V j = qjqfpijj = 1,2, ... ,n. Therefore, the natural partition pi.ip can be written 

T/ = + 92*3 H \- g«-i9n- 

We will also assume that 

(II) Fi + F2 is not convex at q2 ^ E. 

The assumption (II) means that either Fi + F2 can be regarded as a perigon 
angle, or the oriented triangle qiq3q2qi is a convex triangle. When Fi + F2 is a 
perigon angle, there is only one case need to discuss. 
Case A. 53 e Fi = glgj or gi e F2 = gigs- 

When glgsgigT is a convex triangle, it encloses a triangle domain T that is on 
the right hand side of Fi + F2, and there are only three cases need to discuss: 
Case B. (T\{gi, g3}) C^E)=%. _ 
Case C. There is only one point g^ in i? = {0, 1, 00} that is located in r\{ri + F2}. 
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Case D. There exist two points q[ and q'{ in E — {0, l,oo} that is located in the 
triangle domain T. 

Under these settings, we can execute deformations of / which will be stated in 
the following Lemmas lll.lHll.4l 

Lemma 11.1. In Case A, there exists a normal mapping g : A S such that 

(11.2) L{g, dA) < L{f, dA) and A{g, A) > A{f, A), 
each natural edge of Tg has spherical length strictly less than tt, and 

(11.3) Vne{9) < VneU) - 1, VE{g) > VE{f),V{g) = V{f). 

Proof. Assume Case A occurs. Then, without loss of generality, we may assume 
qs e Fi. Let p' = e*^i, 9[ £ (91,02), such that f{p') = 173. Then we can glue the 
section of dA from p' to p2 and the section of dA from p2 to p^ and regard / as a 
mapping g of the glued closed set, which can be regard as a closed disk, such that 
the boundary curve of g has a permitted partition 

(11.4) = r'i + r3 + --- + r„, 

where F' = qiq' = qiq^ is the section of Fi from qi = f{pi) to q' = f{p') = 93, and 

(11.5) L{g, dA) < L{f, OA), A(.g, A) = A{f, A). 

By (ITOl) . we have pTS]) . 

If (|11.4p is a natural partition, then g also satisfies (I) and then g is the desired 
mapping. 

Assume that (|11.4p is not a natural partition, which is only in the case that 
F" = T[ + F3 gigs + 9394 

is a natural edge of Tg . 
But in this case, 

Fg = F'/ + F4 + • • • + F„ 
is a natural partition, and then we have 

(11.6) VNEig) = VNEif) - 2, Vsig) = Vsif), V{g) - V{f) - 2. 
By (I) we have 

L{r'l) < 27r. 

If L{r'l) < TT, then g already satisfies all the conclusions of Lemma [11. II 
If L(F") > TT, then g satisfies (a) or (b) of Theorem 18. 1[ and then there exists a 
normal mapping fi'.A^S such that 

L(/i, 9A) < Lig, dA), ^(/i. A) > A{g, A), 

each natural edge of /i has spherical length strictly less than tt, and 

VNEifi) < VNEig), Vsifi) > VEig) + 1, Vifi) < V{g) + 2. 

Then by (flLSll and (fTOl) we have 

L(/i,9A) < L(/,9A),A(A, A) > A(/,A), 

and 

VNEifi) < VNEif) - 2, Vsifl) > VEif) + 1 > VEif),Vifi) < Vif). 

Thus, /i satisfies all the conclusion of Lemma [11. II □ 
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Lemma 11.2. In Case B, there exists a normal mapping g : A —> S such that 

L{g, dA) < L{f, dA) and A{g, A) > A{f, A), 
each natural edge of Tg has spherical length strictly less than tt, and 
VNEig) < VneU) - 1, VE{g) > VeU), V{g) < V{f). 
Proof. Putting 

r'l = gigs , 

by (I) and (II), we have 

(11.7) LiT[) - L{qTq^) < TT. 

as in the previous proof, by Lemma 13. 2[ there exists a normal mapping g, which 
wiU be regarded as an extension of /, such that Tg has the permitted partition 

(11.8) rg = r'i + r3 + --- + r„, 

and 

Lig,dA) < L(/,9A),A(5, A) > A{f,A). 

Then 

VNEig) < VNEif) ~ 1, VEig) = VEif),V{g) < V{f) - 1, 
and there are four cases: 

Case 1. Neither qngiqs nor qTqzql is a natural edge of Tg. 
Case 2. qnQiqs is a natural edge of Tg, while qTq^ql is not. 
Case 3. qnQiqs is not a natural edge of Tg, while qiq^ql is- 
Case 4. Both q^Jfiq^ql is a natural edge of Tg. 

In Case 1, (Ill.Sp is a natural partition, and g is the desired mapping. 

In Case 2, g has a natural partition 

rg = r'/ + r3 + --- + r„_i, 

where F" — r„ + T'^ ~ qnqiQs, and it is clear that 

Vne{9) = VNEif) - 2, VEig) = VEif),V{g) = Vif) - 2, 
and by (I) and pTT]) . 

(11.9) L(r'/) < 27T. 

If L(r") < TT, the g satisfies all the conclusions. 

If L(r'/) > TT, then by (I), (fTTOl and Theorem [Q for the cases (a) and (b), there 
exists a normal mapping /i : A ^ 5 such that 

i(/i,aA) < Lig,dA),Aif,,A) > A(g, A), 

each natural edge of /i has spherical length strictly less than tt, and 

VNEifi) < VNEigi), Vsifi) > VEig) + 1, Vifi) < Vig) + 2. 

Then /i satisfies all the desired conditions in the lemma with 

VNEifi) < VNEif) - 2, VEifi) > Vsif) + 1 and Vifi) < Vif). 

Case 3 can be treated as Case 2. 
In case 4 we have 

(11.10) VNEig) = VNEif) - 3, VEig) = VEif), Vig) = Vif) - 3, 
and g has a natural partition 

(11.11) rg = r'/' + r4 + --- + r„_i, 
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where 

r'l" = + qm + qsQA = r„ + r'^ + Tg. 

Then by (I) and pTT)) we have 

(11.12) T'l' < Stt. 

If L(r'/') < TT, then by (I), (|11.10p and pi. lip , g is the desire mapping. 
If L(r'/') > TT, then by (I), (jll.lip and TheoremEII] (a), (b) and (d), there exists 
a normal mapping : A — s- 5 such that 

L(5i, aA) < L{g, dA), A{g,,A) > A{g, A), 
each natural edge of gi has spherical length strictly less than tt, and 

VNEigi) < VNEigi) + 2, VEigi) > Vsig) + l, ^(gi) < V{g) + 3. 
Then gi satisfies all the desired conditions in the lemma with (by (jll.lOp ) 

VNEigi) < VneU) - 1, Ve(5i) > VE{f) + 1 and V{gi) < ¥{/). 
This completes the proof. □ 
Lemma 11.3. In Cases C, there exists a normal mapping g : A S such that 

L{g, dA) < L{f, dA) and A{g, A) > A{f, A), 
each natural edge ofTg has spherical length strictly less than tt, and 

VNEig) < VneU) - 1, VEig) > VeU) + 1 and V{g) < Vif). 

Proof. Assume Case C occurs and let T[ — qiq[ and T2 — (f^qi- Then, considering 
that qi,q'i, (72 sue contained in the closure of the triangle domain T which in on the 
left hand side of the convex triangle 91 93 92 91, we have 

(11.13) L(r'i) < TT, L(r^) < TT, L{T[ + r^) < L(ri + r2), 

and it is clear that 

r'l + - r2 - Ti 

is a quadrilateral and encloses a domain T' in T that is on the right hand side of 
Fi + r2. Then, by (|11.13p . replacing the the domain T in the proof of Lemma [11. 21 
by r' and repeating the extension arguments, we can obtain a normal mapping 
g : A ^ S such that 

(11.14) L{g, dA) < L{f, dA) and A{g, A) > A{f, A), 

and the boundary curve Tg of g has the following permitted partition 

rg = r'i + r'2 + r3 + --- + r„, 

which implies another permitted partition 

(11.15) Tg = r„ + r'i + r'2 + r3 + --- + r„_i. 

= Wim + qiq'i + q'iq2 + q2q3-\ h g„-i9„. 

But here the terminal point q[ of T[ , which is the initial point of T2 , is in and 
so we have 

VNEig) < VneU) ~l,VE{g) = VEif) + 1 and V{g) < V{f). 

Now, there are four cases need to discuss. 
Case 1. Neither r„ + F'^ = qnqiq'i nor F2 + F3 = q'iq2q3 is a natural edge of Tg. 
Case 2. qnqiq'i is a natural edge of Fg, while g5.g293 is not. 
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Case 3. qnqiq'i is a natural edge of Tg, while q'iq2q?, is not. 
Case 4. Both qnqiq'i and (7^^293 are natural edges of Tg. 

In Case 1, (jll.lSp is a natural partition, and g is the desired mapping. 

In Case 2, g has the natural partition 

= r'/ + r^ + r3 + --- + r„_i, 

where F" — r„ + T\ = qnqiq'i, clear that 

(11.16) VNE{g) - - 2, = y^a) + 1 and V{g) = V{f) - 1. 
and by (I) and (|11.13p 

L(r'/) < 27r. 

If -L(r") < TT, then g is the desired mapping with (|11.16p . 

If TT < L{T'l) < 2tt, then by (I) and Theorem [HI] (a) (note that q[ e E is the 
terminal point of F"), there exists a normal mapping gi : A — > such that 

L(5i, 9A) < L{g, dA),A{gi,A) > ^(.g, A), 

each natural edge of 171 has spherical length strictly less than tt, and 

VNEigi) < VNEig), Vsigi) > VEig) + l and y(/i) < Vig) + 1. 
Then, by (|11.14p and (|11.16p . gi satisfies all the desired conclusions in Lemma [11.31 
with 

VNEifi) < VNEif) - 2, VeUi) > VeU) + 2 and V{fi) < V{f). 

Case 3 can be treated as Case 2. 
In case 4 we have 

(11.17) VNEig) = VneU) - 3, VEig) = VeU) + 1 and Vig) < !/(/) - 3 
and g has a natural partition 

(11.18) Tg = T'l + r'2' + r4 + • • • + r„_i, 

where T'( = r„ + T[ = q^qiq'^ and T'J, = T'^ + ^ q[q^- By (flTTSl) and (I), we 
have 

(11.19) L(r") < 2tt, LiT'^) < 2n. 
If 

(11.20) i(r'/) < TT, L(r'2') < TT, 

then by (I), Jll.Up . pi.l7p and (jll.lSp . g is the desired mapping. 

If l|11.20p does not hold, then by (I), (|11.18p . ai.l9p and the fact that both T'{ 
and r'j have endpoints in E, Theorem 18.11 (a) or (c) applies to g, and then, there 
exists a normal mapping /i : A — > 5 such that 

Lih,dA) < Lig, dA), Aih, A) > A(g, A), 

each natural edge of /i has spherical length strictly less than tt, and 

VneHi) < VNEigi), VEifi) > VEig) + 1, and F(/i) < Vig) + 2. 

Then /i satisfies all the desired conclusions of Lemma [11.31 with (by (Ill.lTp ) 

VNEifi) < VneH) ~ 3, Ve(/i) > VeH) and F(/i) < Vif) - 1. 

This completes the proof. □ 
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Lemma 11.4. In Case D, there exists a normal mapping g : A S such that 

L{g, dA) < L{f, dA) and A{g, A) > A{f, A), 

each natural edge of Tg has spherical length strictly less than tt, and 

VNEig) < VneU) - 1, VE{g) > VEif) + 1 and V{g) < V{f) + 1. 

Proof. In Case D, q'l E T and q2 & T are the only points in THE. Let L be the hne 

segment in T that passes through q[ and q2 and has endpoints in dT. Then there 

are two cases: 

Case 1. L intersects qTqs- 

Case 2. L does not intersect 9193. 

Assume Case 1 occurs and, without loss of generality, assume (72 is closer to qTqs 
than q[. Let T\ = qiq[ and T'2 ~ q'iq2 (a)). Then F'^ and satisfy all the conditions 
in the proof of Lemma 1 11. 31 and in this case, we can prove Lemma 111 .41 bv exactly 
repeating the proof of Lemma 1 11. 31 

Assume Case 2 occurs. Then one endpoint q" of L is in the interior of Fi and the 
other endpoint q!^ of L is in the interior of F2 . Without loss of generality, assume 
g", q[, q'2 and q'2 arc arranged in order on L. Let T'^ = qiq'^,T" — q'^q'2 and F2 — 9293- 
Then, considering that T is on the left hand side of the convex triangle qTOs'Mi, 
we have that 

L(F;)<7r,L(F") = |,L(F^)<^, 

i(F'i+F" + F'2)<L(Fi+F2); 
and the domain T enclosed by T'l + F" + Fj — F2 — Fi is a polygonal Jordan domain 
on the right hand side of Fi + F2 with 

TnE^{qi,q2}. 

Then by Lemma 13.21 and the extension arguments, there exists a normal mapping 
g : A ~^ S such that 

L{g, dA) < L{f, dA) and A{g, A) > A{f, A). 

and Tg has a permitted partition 

Fg =F'i+F" + F'2+F3 + --- + F„, 

which implies the following permitted partition 

Tg = F„ + F'i+F" + F^ + F3 + --- + F„_i 

= gigi + 9^2 + 9293 +9293 H h 9n-l9n- 

Since q'l, q'2 G E, it is clear that 

VNEig) < VNEif) - 1, VE{g) > VEif) + 2 and V{g) < Vif) + 1. 
Now, there are four cases: 

Case 2.1. None of F„ + F'^ = qnqWi and F" + r2 = 9^9293 is a natural edge of Tg. 
Case 2.2. qnqiq'i is a natural edge of Fg, while (7^9293 is not. 
Case 2.3. qnqiq'i is ^lo^ ^ natural edge of F^, while gj(?293 is- 
Case 2.4. Both qnqiq'i q'iq'2q3 are natural edges of F^. 

The discussion for these cases is almost the same as that for the four Cases 1-4 
in the proof of Lemma 111.31 just with a little difference which leads to that the 
desired mapping may has a number of Vif) + 1 natural edges. □ 
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12. Decomposition and deformation of Riemann surfaces of normal 

mappings 

In this section, we prove the foUowing theorem, which is the first key step to 
prove the main theorem in Section [Ml 

Theorem 12.1. Let f : A S be a normal mapping and assume that each natural 
edge of f has spherical length strictly less than n. Then, there exist a finite number 
of normal mappings fj : A — > S*, j = 1, . . . to, with to > 1, such that 

m m 

J2 L{fj,dA) < L{f, dA),J2 Mf,,^) > Mf, A), 

and for each j < m the followings hold. 

(i) Each natural edge of fj has spherical length strictly less than n. 

(a) The boundary curve T f. — fj{z),z g dA, is locally convex in S\E, where 
E^{0,l,oo}. 

(Hi) fj has no branched point in S\E. 

We first prove several lemmas before we prove this theorem. 

Lemma 12.1. Let f : A —^ S be a normal mapping and assume that each natural 
edge ofTf = f{z), z e dA, has spherical length strictly less than tt. Then V{f) > 3, 
and if in addition YNsif) — 0, then V{f) > 4. 

Proof. If V{f) — 1, then Tf itself is a natural edge that is a straight and closed 
curve in S, and L{f, dA) < tt. This is impossible. 

Assume V{f) = 2 and F/ = Fi + r2 is a natural partition. Since F/ is a closed 
curve, i(Fj) < tt and Fj is straight, j = 1,2, we have Fi = — F2 (ignoring a 
transformation of parameter) with L(Fi) = L{T2) < tt. Then, S'\F/ contains at 
least one point in E = {0, l,oo}. Considering that / is normal, we conclude that 
/(A) D S\T f contains at least one point of E, which contradicts the assumption 
that / is normal. Thus, V{f) > 3. 

If in addition V/v£;(/) = 0, then by the assumption, each natural edge of Fy 
must be 0, 1, 1, 0, 1, cx) or 00, 1, and then since Fy is a closed curve and V{f) > 3, 
we have V{f) > 4. □ 

Lemma 12.2. Let f : A —t S be a normal mapping and assume that the followings 
hold. 

(a) each natural edge ofTf = /(z), z e OA, has spherical length strictly less than 

TT. 

(b) V{f)^3. 

Then f : A /(A) is a homeomorphism and T f is a generic convex triangle. 
Proof. Let 

be a natural partition of dA for / and let 

T/ = 9192 + 9293 + 9391 

be the corresponding natural partition of F/ ~ f{z),z G dA. Then by (a), / 
restricted to each aj is a homeomorphism onto F ^ = qjqj+i, where 94 = 91 . 

We first show that 919293 can not be contained in any great circle of S. Otherwise, 
by (a) and the definition of natural edges, either 93 S 9192° or 91 e 9293°, where 
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(71(72° denotes the interior of qiq2- But in the first case, gs is not a natural vertex 
of and in the second case, qi is not a natural vertex of Tf. Thus (71 (72 93 is not 
contained in any great circle of S. 

Then Tf must be a triangle that is contained in some open hemisphere S" of S 
and / maps dA homeomorphically onto Tf and then, since / is normal, / : A — > T 
is a homeomorphism, where T is the domain inside Tf. Since / is normal, we also 
have /(A) n i? = 0. Thus, T C S' and then F/ is a generic convex triangle. □ 

Lemma 12.3. Let f : A S be a normal mapping such that each natural edge of 
f has spherical length strictly less than it. IfVNEif) = Oj then L{f, dA) > 27r, and 
ifVNEif)^l, then L{f, dA)>Tr. 

Proof. If YNsif) = 0, then by Lemma [12.11 V{f) > 4, and in this case each natural 
edge of Tf = f{z),z e OA, has spherical length ^, and then L{f,dA) > 2tt. If 
^NEif) = 1, then by Lemma [12. II V{f) > 3, and then f{dA) contains at least two 
point of E; and since Tf is closed, we have L{f, dA) > tt. □ 

Lemma 12.4. Let f : A ^ S be a normal mapping and let Pq be a ramification 
point of f . Assume (3 = goQi C S satisfies the followings. 

(a) qo = f{Po) and qi G E = {0, l,oo}. 

(b) The interior (3° of (3 has a neighborhood N in S such that N is a polygonal 
Jordan domain and f has no branched point in N . 

(c) The boundary curve T f — T f{z), z £ OA, has no natural vertex in N. 

(d) Either 

(12.1) f{^A)f^N^%, 
or 

(12.2) poe9Aand/(9A)n7V = /3°. 

Then there exist normal mappings gi , (?2 : A — > 5, such that the followings hold. 

(i) Each natural edge ofTgj is a natural edge ofTf, j = 1,2, and each natural 
edge ofTf is a natural edge of either gi or 32 • 

(ii) L{gi,A) + L(52, A) = L(/, A) and A(gi, A) + ^(52, A) = A{f, A). 

(lit) Vne{9i) + VNEi92) = VNE{f),VE{gi) + VE{g2) - Vi;(/), V{gi) + ¥{92) = 
V{f). 

Proof. By Lemma 13.31 or Corollary 13. 1[ there exist a point 92 in P° such that the 
section (70(72 of /3 = qoqi has a lift 7 C A from pq to some point p2 S A with 
7\{po} C A. Let q* E f3 he the closest point to qi in /? such that the section qoq* 
has a lift 02 that is an extension of the lift 7 and that C A. We show that 

q = 91- 

Let p* be the terminal point of 0:2- Assume q* 7^ gi, i.e. q* € /3°. If p* G A, 
then by (b) and Lemma 13.31 02 can be extended past p* to be a longer lift so that 
the extended part is still in A, which contradicts the definition of p* and q* . Thus, 
we have p* E dA. 

Then by (c) and the definition of natural vertices there is a neighborhood Ap* of 
p* in dA, such that / restricted to Ap* is a homeomorphism onto a section of (3°. 
On the other hand, by (b), (c) and Lemma [3731 there is a neighborhood Up* oip* in 
A such that / restricted to Up* is a homeomorphism onto fiJJp*) with f{Up*) C N 
and f{Up*) is a half-disc whose boundary diameter is contained in (3° fl f{Up*). 
Thus, by (d). Up, ndA = Up* n /"H[0, +00]), and then a2 n Up* C Up* HdA. This 
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is a contradiction, since a2 C A. Thus we have proved that a2 is a hft of the whole 
path l3 with C A. 

Since pq is a ramification point, in case po S A, by Lemma l3.3[ (3 has another hft 
ai starting from po such that C A. Since /(A) n £' = and the terminal point 
qi of (3 is in E, the terminal points of ai and a2 must land on OA, and by Lemma 
13.51 these terminal points are distinct each other. Thus, f,ai,a2 and /3 satisfy all 
assumptions of CoroUarv 110.11 and then the desired gi and 52 follow. 

In case (|12.2p . by (c) there is a section ai of OA starting from po so that ai is 
a lift of /?, and by Lemma 13.51 the terminal points of ai and 02 are also distinct. 
Then, /, ai, a2 and (3 satisfy all assumptions of Corollary |10.2i and then the desired 
gi and g2 follow as well. This completes the proof of the lemma. □ 

Now, we can prove Theorem 1 12. II in some special cases. 

Lemma 12.5. Theorem [T2l\ holds true ifVNEif) = or VneH) ^ 1- 

Proof. Let / : A ^ 5 be a normal mapping that satisfies the assumption of Theo- 
remlmland VNE{f) = or YNsif) = 1. 

If is locally convex in S\E and / has no branched point in S\E, then / itself 
satisfies the conclusion of Theorem 1 12. 11 and there is nothing to proof. 

If Tf is not locally convex in S\E, then VneH) — 1 and by Theorem lll.il there 
exists a normal mapping 5 : A — + 5, such that each natural edge of g has spherical 
length strictly less than tt, 

L{g,dA) < L{f,dA),A{g,A) > A{f,A), 

and 

VNEig) < VneU) -1 = 0. 

and then VNE{g) = 0, and in this case Tg is locally convex in S\E. If Theorem 1 12. II 
holds for g, then it is clear that Theorem 112.11 holds for /. Thus wc may assume 
that 

(a) Tf is locally convex in S\E. 

If / has no branched point in S\E, then there is nothing to prove again. Thus, 
we may complete the proof under the assumption that 

(b) L/ is locally convex in S\E and / has a branched point in S\E. 

Let Po e A\f^^{E) be a ramification point of / and let qq = f{po). Since 
VNEif) — or 1, Tf has at most one natural vertex q* outside E. Then by (a), 
there is a shortest path /3 = go9i from qg to some point qi € E such that either 
/3n/(9A) = {qi} or /3n/(5A) — qoqi- The later case occurs if and only if go G ^f\E. 

We may assume / has no branched point in (3\{qo, qi}^ otherwise we take the 
branched point in the interior of (3 that is closest to qi . Then f3° has a neighborhood 
N satisfying the hypothesis of Lemma [12.41 and then, by Lemma [12.41 there exist 
two normal mappings /i, /2 : A — > 5', satisfying the following two conditions. 

(c) Each natural edge of fj is a natural edge of /, j = 1, 2, and each natural edge 
of F/ is a natural edge of /i or /2 . 

(d) dA) = L{h,dA) + i(/2, 9A) and A{f, A) = A) + A(/2, A). 
By (c), we have 



(12.3) 



n^V{f)^V{h) + V{f2). 
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It is clear by (c) that if V/v£;(/) = 0, then VAr£;(/i) ~ VNE{j2) = 0, and if 
VneH) = 1, then the the unique natural vertex q* of F/ outside E can not be 
contained in both T and F , but q* must be a convex natural vertex of F or 
F and both /i and /2 satisfy the assumption of Theorem 112.11 Summarizing, we 
may assume 

(e) VneUi) = 0, VNE{f2) = 1, and /i and /2 satisfy (a). 
On the other hand, by Lemma [12.11 and (e) we have 

(12.4) Vifi) > 4 and ^^(/a) > 3. 
Thus, we have 

n = Vif) > 7, 

and by (|12.3|) we have 

(12.5) V{h) < V{f) - 3 and ^(/a) < V{f) - 3. 

We have in fact proved that under the assumption (b), n > 7. Thus, Theorem 
112.11 holds true in case (a) with n < 6. From this and the above arguments for the 
existence of /i and /2 satisfying (c), (d), (e) and (|12.5p we can prove the theorem, 
under the assumption (a), by induction on n = V{f). This completes the proof. □ 

Proof of Theorem \12.1\ We prove Theorem 1 12.1 1 bv induction on the sum VNE{f) + 
V{f). 

By Lemma [12 .11 we have V{f) > 3, and then Vne + V{f) — 3 holds only in the 
case Vne — 0, but by Lemma [l2.1[ Vme — imphes V{f) > 4. Thus 

VNE{f) + V{f)>^, 

and equahty holds if and only if V^Eif) = and V{f) = 4, or VNE{f) = 1 and 
V{f) = 3. Thus, by Lemma [12.5) Theorem 112.11 holds true in the case VNE{f) + 
V{f) =4. 

Now, let fc > 4 be a positive integer and assume that we have proved Theorem 
112.11 for the case 4 < VME{f) + Vif) ^ k. Let / be any normal mapping that 
satisfies the assumption of Theorem 112.11 with 

(12.6) VNE{f) + V{f) = k + l. 

We call this that / is at the level fc + 1, and will show that Theorem 1 1 2 . 1 1 holds true 
for /. 

Then, there are only three cases need to be discussed. 
Case 1. The boundary curve F/ = /(z), z G dA, is locally convex in S\E and / 
has no branched point in S\E. 

Case 2. F/ is not convex at some natural vertex pi G (dA) \ f^^{E) of /. 
Case 3. Fy is locally convex in S\E, and / has a branched point in S\E. 

If Case 1 occurs, then / itself satisfies the conclusion of Theorem 1 12. 11 and then 
there is nothing to proof. 

Discussion of Case 2. In this case, by Theorem 1 11. II it is clear that there exists 
a normal mapping fi : A —* S, such that each natural edge of /i has spherical length 
strictly less than tt, 

(12.7) L(/i, 5A) < L(/, 5A), A(A, A) > A(/, A), 
and 



(12.8) 



VNEifi) < VNEif) ~ 1 and V{fi) < V{f) + 1. 
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If one of the equalities of (112. 8|) fails, then by ()12.6|) . /i is at the level of k, and 
by the induction hypothesis, Theorem 112.11 holds for /i and by (|12.7|) . Theorem 
112.11 holds for /. If both of the equalities in (|12.8p hold true, then /i is still at the 
level of fe + 1, but 

(12.9) VNE{fl)^VNE{f)~l- 

Then, /i satisfies the assumption of Theorem II 2. 1[ and then we return to Cases 

1, 2, or 3. If Case 1 occurs for /i, then Theorem I 1 2.11 holds for /i, and then Theorem 
ll2.1l holds for / by (|12.7p . If Case 2 occurs, then we can replace / by /i and repeat 
the discussion of Case 2. By (|12.9p . we can not always return to Case 2 from Case 

2. Thus, Repeating discussion for Case 2 finitely many times, we return to either 
Case 1 or Case 3. If we return to Case 1, the proof is completed, and if we return 
to Case 3, we continue the following discussion. 

Discussion of Case 3. By Theorem 110.11 there exist two normal mappings 
gj : A ^ S,j = 1, 2, such that the foUowings hold. 

(al) Each natural edge of gj has spherical length strictly less than tt, j — 1, 2. 
(a2) j:U^(9,,dA) < i(/,aA),E-=i^fe,A) > A{f,A). 

(a3) VNEigi) + VNE{g2) < VNEif) + 2. 

(a4) Vigi) + V{g2)<V{f) + 2. 

By Lemma H 2. II and (al), V{gj) > 3, j — 1,2, and so by (a4) we have 
(a5) V{g,)<V{f)-l,j = l,2. 
Then there are only two cases: 
Case 2.1 VNEigj) > 2,j = 1,2. 

Case 2.2 VNE{gi) < Vw£;(ff2) and VNE{gi) = or 1. 

Discussion of Case 2.1. In this case, by (a3) we have VNEigj) — VneH), and 
then by (a5) and (|12.6p we have 

VNEigj) + Vigj) < VNEif) + Vif) - 1 = = 1,2, 

i.e. both gi and 52 are at level < k. Then by (al) and the induction hypothesis. 
Theorem 112. II holds for gi and 52, and then by (a2) and the induction hypothesis. 
Theorem 112.11 holds for /. 

Discussion of Case 2.2. Assume 

(12.10) VNEigi) = or 1. 
Then by Lemma [12.31 

(12.11) Ligi,dA)>TT. 
We first show that 

(12.12) VNEig2) + Vig2) < VneH) + Vif) <k + l. 

If VNEigi) — 0, then by Lemma [12.11 we have Vigi) > 4, and then by (a3) and 
(a4) we have (|12.12p . li VNEigi) = then by (a3) and (a5) we stiU have (|12.12p 

If VNEig2) + ^(52) < fc + 1, then Theorem 112.11 holds for 52 by the induction 
hypothesis; and on the other hand, by ()12.10|) and (al). Theorem 1 1 2 . 1 1 holds for gi; 
and therefore, by (a2) Theorem 112.11 holds for /. 

Now, we assume 

VNEigi) + Vig2) = fc + 1, 
i.e., (72 is in the level fc + 1. Then we can return to Cases 1-3 and repeat the same 
discussion for 52 ■ We can prove Theorem 112.11 by repeating the above arguments 
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finitely many times, since by ()12.1ip . Case 2.2 can not occur infinitely times. This 
completes the proof. □ 

13. Decomposition of fat mappings 

In this section we prove Theorem 113.11 This is the third key step to prove the 
main theorem in Section [TH 

A normal mapping g : A — > 5 is called fat if and only if A\/^^([0, +oo]) has a 
component D such that f : D ^ S\[0, +oo] is a homeomorphism. 

By Corollary 17.11 if g satisfies all assumptions of Theorem 17.11 then g is fat if 
and only if 

/(5D)c [0,+(X3]. 

Theorem 13.1. Let / : A — > 5 6e a normal mapping that satisfies (a)-(d) of 
Theorem \7.1\ that is, the following conditions (a)-(d) hold. 

(a) Each natural edge of the boundary curve — f{z),z e 9A, has length 
strictly less than tt. 

(h) V f — f{z), z g 9A, is locally convex in S\E, E ~ {0, 1, oo\. 

(c) f has no branched point in S\E. 

(d) n [0, +oo] contains at most finitely many points. 

If f is fat, then there exist two normal mappings /j : A — s- S', j = 1, 2, such that 
fi and f2 satisfy (a)-(d) and 

A(/i,A)+^(/2,A)=A(/,A)-47r, 

L(/i,9A) + L(/2,aAHi(/,aA), 

/i maps [—1,1] C A homeomorphically onto 0, 1 C 5 and /2 maps [—1,1] homeo- 
morphically onto l,oo C S. 

The geometrical meaning of this theorem is that we can cut off the whole Rie- 
mann sphere S, with [0, +00] being removed, from the interior of the Riemann 
surface of / and then sew up the cut edges along [0, +00]. Then we obtain two 
Riemann surfaces that are only joint at 1 G S*, and the boundary curve of these two 
surfaces compose the boundary curve T f. 

Proof. Let Ai be a component of A\/^^([0, +00]) such that /(9Ai) C [0, +cx)]. 

Then by CoroUarv 17.11 : Ai — > is normal and surjective, /(9Ai) — 

[0, +CX)] and / restricted to Ai is a homeomorphism onto S'\[0, +00]. Then the 
restriction 

/ : 9Ai [0, +00] 
is a folded two to one mapping and we can express 9Ai to be 

5Ai = /3i + /32 + /33 + /34 

such that / maps /3i, /32, /^s, Pa homeomorphically onto 0, 1,1, 00, 00, 1, 1,0, respec- 
tively and Pi, [32, Ps, Pa are arranged anticlockwise in 9Ai. Denote by pj the initial 
points of Pj,j = 1, 2, 3, 4. Then 

f{Pi) = 0, fip2) = f{Pi) = 1, /ba) = 

which implies 

Pj e dA,j = 1,2,3,4, 

by the definition of normal mappings. We denote by aj the section of dA from pj 
topj+i,j = 1,2,3,4 (p5 =pi). 
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We first show that the interior of /3j is contained in A for j = 1,2,3, 4. Assume 
(3i has an interior point po with po G dA. Then it is clear that po is in the interior of 
ai andpo 7^ 0, 1, cx), and then, by (b) the section = f{z), z € ai, of is convex 
at pq, and by (c), / is regular at po- On the other hand, F^^ = f{z), z G — which 
is the simple path 1,0, is obviously convex by the definition. Therefore, Lemma 16.31 
applies to po, cti, and /, and then ct\ has a neighborhood contained in j5\. This 
contradicts (d), for ai C 9A and /3i = 0, 1 C [0, +00]. Thus the interior of /3i is 
contained in A. For the same reason, the interiors of /32, (iz and /34 are all contained 
in A . 

We have proved that A\Ai contains four disjoint Jordan domains Dj enclosed 
by Qfj - /3-, with n Uj+i = {pj+i}, j = 1,2,3,4 (Ds = and p^ =Pi)- 

Now, we glue Di and D4 along /3i and —^4 so that x £ (3i and y & —^4 are 
identified if and only if f{x) = f{y). The glued closed domain can be understood to 
be the unit disk A so that /3i and —(34 both become the diameter [—1,1] of A. In this 
way we have in fact glued the restrictions fljy^ and fljj^ to be a normal mapping 
/i : A ^ 5* such that /i maps [—1, 1] C A homeomorphically onto 0, 1 C S. 

Similarly, we can glue the restrictions and fljy^ to be a normal mapping 
/2 : A — > S* such that /2 maps [—1, 1] homeomorphically onto l,oo. 

It is clear that /i and /2 satisfies all the conclusions of the Theorem. As a 
matter of fact, the above process just cut off /(Ai), the sphere S with [0, +cxd] 
being removed, from the interior of the Riemann surface of / and then sew up the 
cut edges along [0, +00]. Then we obtain two Riemann surfaces that are only joint 
at 1 G S', and the boundary curve of these two surfaces compose the boundary curve 
Tf. This completes the proof. □ 

14. Proof of the main theorem 

We first prove the main theorem under certain conditions. 

Lemma 14.1. Let f : A ^ S be a normal mapping that is not fat and satisfies 
(a)-(d) of Theorem \7.1\ Then 

A(/,A)<2i(/,9A), 

and 

Aif,A)<hoLif,dA)-A{f,A), 
where Hq is given by il.3\) . 

Proof. The second inequality follows from the first one directly, for Hq > 4. So we 
only prove the first inequality. 

Since / is not fat, for each component D of A\/~^([0, +00]), f{dD)\[0, +00] ^ 0, 
and so by (d) the interior ao of (dD) n (OA) is not empty, and then by Theorem 
01 

L{f, (dD) n (dA)) > L{f, {dD)\ (dA)), 

f{D) is contained in some hemisphere of S, which implies 

AifiD)) < 2^, 

and / restricted to is a homeomorphism. 
Then we have 



(14.1) 2L{f, {dD) n {dA)) > L{f, {dD) n {OA)) + L{f, {dD)\ {dA)) = L{f, dD). 
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If L{f, dD) > 2tt, then we have 

A{f,D) = A{f{Dj) <2n < L{f,dD), 
and if L{f, dD) < 2tt, then by Theorem 14.31 we have 

A{f,D)<L{f,dD), 
and then by (|14.1|) . in both cases we have 
(14.2) A{f,D)<2L{f,{dD)n{dA)). 



By Theorem 17.11 it is clear that for any pair Di and D2 of distinct components 
of A\/^^([0, +00]), {dDi) n (9A) and (802) n (9A) contains at most two common 
points, and on the other hand, by the same theorem, A\/^^([0, +c»]) contains only 
finitely many components. Thus, we have 

i(/,9A)-5]L(/,(9i^)n(9A)), 

D 

where the sum runs over all components D of A\/-i([0, +00]). Then, summing up 
(fT42l) . we have 

D D 

This completes the proof. □ 

Lemma 14.2. Let f : A ^ S be a normal mapping that is fat and satisfies (a)-(d) 
of Theorem \7.1\ Then 

A{f,A)<hoL{f,dA)~4TT. 

where Hq is given by il.3\) . 

Proof. By Theorem 1 13. 11 there exist normal mappings gj'.A— >S,j = 1,2,... ,n + 
1, such that for each j < n + 1 the foUowings hold. 

(e) Each gj satisfies all assumptions (a)-(d) of theorem 17. H j = 1, 2, . . . , n + 1. 

(f) Each gj is not fat, j = 1, 2, . . . , n + 1. 

(g) gj maps the diameter [—1,1] of A homeomorphically onto the real interval 
0, 1 in S' or onto 1, 00 in S. 

(h) A{f, A) = 4nn + YT.tl ^fe, A), L(/, ^A) = YT.tl L{g„dA). 

Let J be any positive integer with j < n + 1 and consider the mapping gj . By 
(e) and (f). Lemma [14.11 applies . Then we have 

(14.3) A(g„A)<2L(g„aA), 

and then 

47r + yl(5j,A) < 2L{gj,dA) + 'ii: 

- (^ + Z(^)^(^-^^)' 

and, considering that 2 + ^(g^^g^j < 4 in the case L{gj, OA) > 2tt, we have 
(k) If L(5j ,9A) > 2n, then 

47r + A(5„A) <4L(g„9A). 
By Theorem 14.31 we have 
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(1) If V27r < L{gj,dA) < 2tt, then 

47T + Aig„A) <AL{g„dA). 

By (g) and Theorem 14. 4i we have 
(m) If L{gj,dA) < V^n, then 

47r + A(.g,,A) < hoL{gj,dA), 

where ho is given by (|1.3p . 

Summarizing (k)-(m) and the fact that ho > 4, we have in any case 

ATr + A{gj,A) < hoLigj,dA),j = + 

and then by (h), we have 

n+l 

AU,A) = 4n7r + ^A(5„A) 

Tl+l 

= ^(47r + A(5,,A))-47r 

n+l 

< /io^i(.9,,9A)-47r 

= hoL{f,dA)~4Tr. 
This completes the proof. □ 

Proof of the Main Theorem. Let / : A — > S" be any nonconstant holomorphic map- 
ping such that /(A) O E — (d. Then for any positive number 

(14.4) e< -^min{4^,^(/,A)}, 

there exists a Jordan domain D C A such that / restricted to D is a normal 
mapping, 

(14.5) A{f, D) > A{f, A) - e and L{f, dD) < L{f, A) + e, 

and the following condition holds. 

(1) Each natural edge of the restricted mapping f\jj has spherical length strictly 
less than tt. 

Let h he a homeomorphism from A onto D and let F ^ f o h. Then by (1) 
: A — > S" is a normal mapping satisfying the assumption of Theorem 112.11 with 
A{F, A) = A{f, D) and L{F, dA) = L{f, dD). Then by pA5)l we have that 

(14.6) A{F, A) > A{f, A) - e and L{F, dA) < L{f, A) + e; 



and by Theorem 112.11 there exist a number of m normal mappings fj:A-^ S, j — 
1, . . . m, such that 

m m 

(14.7) J2 ^(/j' ^) ^ ^(^' ^) E L(f^^9A) < L{F, dA), 

and for each j the foUowings hold. 

(A) Each natural edge of the boundary curve T f. — fj{z), z E dA, has spherical 
length strictly less than tt. 
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(B) r f. — fj{z), z E dA, is locally convex in S\E. 

(C) fj has no branched point in S\E. 

Then, by Lemma 17.21 for the above e and each j < m, there exists a normal 
mapping : A — > S* such that 

(14.8) Aig„A) > A{f,,A),Lig„dA) < L{f,,dA) + ^, 

and gj satisfies (d) in Theorem 17.11 and (A)-(C), say, gj satisfies all hypotheses of 
Theorem 17. II Then by Lemmas 114.11 and 114.21 we have 

(14.9) A(g,,A) < hoL{gj,dA) - min{A(5, , A), 47r}, j = 1, . . . , m. 
On the other hand, if for some jo ^ ^5 ^(^jo; ^) — ^"^5 then we have 

m 

^min{A(.gj, A),47r} > 47r, 

and if A{g^,A) < Air for all j < ni, then we have, by pT5|) . pT7|) . (flT^ and 
(flAil . that 

m 

^min{A(gj,A),4^} 

m rn 

= ^A(g„A)>^A(/„A)>A(F,A) 

> A(/,A)-e>l^^A(/,A); 
and thus, in both cases, we have 

ni A U A 

(14.10) Vmin{A(g„ A),47r} > min{^— A(/, A), 47r}. 
Summing up the inequahties of (|14.9p . by (|14.1Qp we have 

7n 771 m 

(14.11) 5]A(g,,A) < ^/ioi(g„9A)-^min{A(.g,,A),4^} 

3=1 i=i j=i 

m Ah A 

< Y,hoL{g„dA)-unn{^—A{f,A)A7T}. 
By (pAS)) . pAT]) and pAB]) we have 

rn rn 

^ hoL{g,,dA) < J2 hoL{fj,dA) + eh^ < hoL{F, OA) + eh^ 
< hoL{f,A)+2eho, 



(14.12) hoL{gj,dA) < hoL{f, A) + 2ehQ. 

By ([TTBll - pTH)) we have 
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(14.13) ^(/,A)<^A(5„A)+e. 

i=i 

Therefore, we have by (|14.1ip - (|14.13p 

A(/,A) < ^A(5„A)+£ 
i=i 

m /I L 1 

< V hoL{g,,dA) - mm{— 5— A), 4^} 

< hoHf, A) + 2£/^o + e - mm{^^^^A{f, A), 47r} 

< /ioi(/, A) + min{A(/, A), 47r} - mm{^^^^A{f, A), 47r}, 

and considering that Hq > 4, we have 

A{f,A)<hoLif,A). 

It remains to show that the lower is sharp. 

We give an example to show that ho given by (|1.3p is a sharp lower bound of the 
constant h in (jl.ip . 

As in Section [Tl we denote by D the spherical disk in S with diameter 1, oo, 
the shortest path in S from 1 to oo, and for I g [tt, V27r] denote by Di the domain 
contained in the disk D such that the boundary dDi is composed of two congruent 
circular arcs, each of which has endpoints {l,oo} and spherical length |. Then, 
I = L{dDi) and by p.4p and ()1.5|) . the number /iq given by (|1.3p is the maximum 



value of the function ^ i and 



4:-!T+A(Di) 

47r + A(Ao) 



to 

for some G "v/Stt). 

It is clear that Di^, regarded as a domain in C, is an angular domain whose 
vertex is 1 and bisector is the ray [1, +oo) in C. We denote by 26q the value of the 
angle of this angular domain. Then it is clear that Oq < ^. 

Let Ml be the angular domain in C defined by 

Ml = {re*^ r > 0,0 < e < — } 

m 

and let Ei be the angular domain in C defined by 

Si {1 + re^^; < r < +oo, -9o < 9 < tt}. 

Then it is easy to construct a homeomorphism /□ from the closure Afi of Mi in 
C onto the closure Ei of Si in C, such that fo maps the ray arg z = ^ onto the 
ray argz = tt, maps the interval [0, 1] onto itself increasingly, maps the ray [1, +oo] 
onto the ray 

z = 1 + re^"-^" , r e [0, +oo] 

and fo is holomorphic on Mi. 
Let 

M2 = e^Mi = {e^z; z € Mi}. 
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Then, by the Schwarz symmetry principle, we can extend fo to be an open and 
continuous mapping /i from the closed angular domain 

Ai = Ml U M2 = {zeC;0< axgz < — } 

m 

onto C such that /i maps the segments 

h = {re*^,re [0, 1] } , fc = 0, 1, 
homeomorphically onto the interval [0, 1], respectively; /i maps the segments 

Lk =■ |re*-^,r G [l,+oo]| ,A; = 0,1, 
homeomorphically onto the segments 

r = {1 +re-*^°,r e [0,+oo]} 

and 

Z+ = {i + re'^o^r g [0,+oo]}, 

respectively; and /i restricted to the domain A\ is a holomorphic mapping that 
covers the domain Di^ two times and covers the domain C\DiQ one times. 
Let 

where A{ is the interior of A\, and let 

-4* = e}—^A\ = {e'—^z; z G A^}, fc = 2, . . . , m. 

Then for each fc = 1, . . . , m we can defined a continuous function fk on A^. induc- 
tively: fk+i is obtained from fk by Schwarz symmetry principle cross the symmetry 
axis 

lk = {re''-^,re[OA]}. 
Let i?"*" be the upper half plane Imz > in C and let 

K = H+\ {re*^ , r G [1, +^)}. 

Then K = (U^^;^ \{lo U Im) and /i, . . . , can be patched to be a holomorphic 
function / defined on U (—00, +00), by the Schwarz symmetric principle. It is 
clear that K is a simply connected domain and there is a conformal mapping h from 
A onto K such that h can be^ extended to be a continuous function h such that 
when z goes around dA once, h{z) describes the boundary section (—00, +00) of K 
once and the bomidary sections {re^~ , r G [1, +00)} twice for fc = 1, . . . , m — 1. 

Let g = f o h. Then 17 : A ^ C is a continuous mapping that is holomorphic in 
A and when we regard 17 as a mapping from A to S", (/ restricted to A covers S\Di„ 
by m times and covers Di^ by 2m times and the boundary curve Tg = g{z),z G dA, 
covers dDi^ by m times and covers the shortest path 0, 1 in 5 from to 1 by 2 
times. 

Then we have 

A{g,A) = 4mn + mA{DiJ 

and 

L{g, a A) = 2L(0j:) + mL{dDi,) = tt + mlo, 

and then 

A{g,A) ^ 4mn + mA{DiJ 4n + A{DJ _ 
L{g,dA) 7T + mL{dDi,) lo °" 
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It is clear that asm ^ +00, ^i^g^g^) = ^+rnL{dDi ') converges to /iq- This completes 
the proof. □ 
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